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_-MCCJIEMOBAHHE KOrEPEHTHbIX ®OTOHHbIX 
x MOTOKOB METOJOM COBMAQEHMA 


A. AJAM, JI. AHOUIM, M1. BAPPA 


OTHEJI KOCMMYECKHX JIYYEN WEHTPAJIBHOrO HAYUHO-HCCHEQOBATEJIBCKOrO 
UHCTHTYTA OH3HKU, BY TANEWT 


... (Mocrynuno 28. 1X. 1954) 


B 970% cTaTbe uccieqyercA BONIpOC, ABIAWTCA (OTOHBI, MpHHaexKauue K AByM 
KOTepeHTHBIM * CBeTOBbIM yuKaM, H€3aBHCHMBbIMH. Jipa KOTepeHTHBIX CBETOBbIX Ily4ukKa, Ocy- 
“MecTB1eHHBIx C MOMOIIbIO MOJyIpOspadHoro 3epKaa, Nayasw Ha (OTOIMEKTPOHHbIe YMHO- 
KuTenM. Sayaua sakmioyanacb B TOM, YTOObI ONpeAeMHTS CyMIeCTBYIOT JIM MCTHHHBIe coBra- 
HeHuA MExKy HMMyJbCamMH oToyMHOKUTENe!. JIA 3TOrO CpaBHHBaJINCh 4YNCIO COBNaennii 
MONYUeCHHbIX TPH KOrepeHTHOM OCBeLICHHH C YHCJIOM cy YanHbix coBpnayenuit TLOJTY WeEHHbIX 
MIpH HeKOrepeHTHOM OCBeLIeHHH. 

TIlpousBexeHHbie HaMH UCCIeMOBaHHA MOKA3bIBalOT 4TO HMCTHHHbIX COBMAeCHHH HeT. 
TouHee roBOpsA, eC NPHHHMAaTb BO BHHMaHHe CTATHYeCKy!0 MOrpewwHOCTb, TO He OONbUIE 
0,6% oTouHos Mors Obl aTb HCTHHHbI€ COBMaeHHA. 


I; 
§ 1. Bpeyenne 


Hae uccieqoBpaHne ObiI0 MpeANpMHATO C LWesIbiO YCTaHOBHTb, He3aBu- 
CMMbI JIM (POTOHEI B KOrepeHTHBIX CBETOBbIX MyuKax. CoracHoO KBaHTOBOH TeopuH, 
Takve OTOHbI HesaBHCMMbI B CyIe{yIOUleM CMbICIe: eCIM MOCTaBUTb Ha NyTH 


M, 


Cuetunk 
cosnafe- 
Huft 


T 


Puc. 7. Cxema ompita 


CBeTOBOFO MOTOKa MosynpospayHoe sepkKallo, pasfesinioujee ero Ha OTParKeHHblit 
WM MpoxosAWMi NyYKU, a 3aTeM yaBJIMBaTb 9TH NydKM cuéTunKaMi OTOHOB, 
To cuéTuMKU OyAyT cpadaTbIBaTb He3aBUCUMO pyr OT Apyra, T. €. BCAKMH pas 
6yfeT cpaOaTbIBaTb JIMUUb OMH U3 HMX. Jina MpoBepKH 9TOTO yTBeprKeHHA 
Obl MOcTaBeH OMIT MO cemylomjen cxeme (Puc. Li: 


1 Acta Physica IV/4. 
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Crer of ucTouHuKa F nagaeT Ha mosympospauHoe sepKano T. OTpa- 
*KeHHBIM MyYOK 1 MagaeT Ha POTOIMEKTPOHHbIM YMHOPKUTEIIb M,, a Npoweqmmi — 
yepes 3epKasio Mly4oK 2 — Ha *oTOyMHOKUTeIb M,. C MOMOLMIbIO COOTBETCTBY10- 
Wei alnapatTypbl MbI perMcTpupyeM T. H. COBMaqeHHA, T. €. Te Cilydau, Kora 
06a OTOYMHODKHTeIA CpadaTbIBaloT OHOBPeEMCHHO. 

CBASb JaHHOro OMbiTa c MpoOMeMaMM KBaHTOBOM MexaHUKH, — T. €. C BO- 
IIPOCOM 0 KOpIlyCKyIAPHO-BOJIHOBOM XapakTepe SJ1eMeHTAPHbIX YaCcTHI, NOLPOOHO 
ocBeuleHa JI. Anoum [1, 2]. B Tex xe cTaTbAX aBTOP YKa3bIBaeT Ha Ba)KHOCTb 
SKCIePMMeHTaIbHOrO W3y4eHHA aHHOrO BorMpoca. 


§ 2. Cryyaiinpie copnayenuA M NoAOop pa3pelliaoulero BpeMeHH 
allliapaTypbl, perucTpHpylolled copnaqeHuA 


BplllenpuBeqeHHad CXeMa Hev30e>KHO CUNTaeT KaK MCTHHHBIe, Tak M CJly- 
yaliHble COBMaeHuA, T. e€. COBMaeHHA UCIYyJIBCOB ABYX MOTOYMHODKUTeeH, 
BbISBaHHbIX JBYMA POTOHAMH, MpHXOALIMMM [pyr 3a ApyromM yepes KOPOTKHA 
MpOMe@)KyTOK BpeMeHH, He MpeBbilllawllWi Tak HasbIBaemoe paspeliiatoujee 
BpeMA T. 

Halll 9KCHepHMeHT JOJIDKeH BbIACHMTb, He OTMe¥aeT JIM YCTaHOBKa MIpu 
OCBeLeHUH MOTOSIeEKTPOHHBIX YMHOKMTeeH KOFepeHTHBIMM Ty4KaMM cBeTa 
Goble COBMaqeHMH, ueM OoKMaeMOe YMCIIO CIyuaHbIx COBMaeHHi. 

Tipexxae Bcero, HeOOXOAMMO OMpPeseJIMTb, BOSMO)KHO JIM C YBePpeHHOCTbIO 
yCTaHOBMTb pasJIMuMe Me)KAy UYMCIAaMM cHcTeMaTMYeCKMX HM CJIy4aHBIX COB- 
MajeHvii, HECMOTPA Ha TO, YTO BEPOATHOCTb CpabaTbIBAHHA YMHOKUTeTeM Masa. 

Eciim 0003Ha4dMTb BEPOATHOCTH CpabaTbIBAHHA YMHODKHMTEIA uepes p, cpes- 
HMM MOTOK Mafatouero Ha YMHO)KUTeJIb CBeTa Yepe3s M OTOHOB B CeKYHIy, 
a UMCIIO MMIyJIbCOB (bona (B TeMHOTe) Yepes N,, TO AHO] YMHO)KUTEIIA B CEKYHLY 


N=p-n+N; (1) 
OyfeT NocrynaTb uMmybcoB. Tipu HalliMx WU3MepeHHAX MBI OXIA KAM yYMHO- 
XKUTEIM KMKMM BO3yxXoM. BularoflapaA STOMY, YHCIIO HMMMYJIbCOB (bona ObIJIO 
HHYTO)KHO MaJIbIM T10 CpaBHeHHIO C YHMCJIOM MMIYJIbCOB, BbISBaHHbIX CBeTOM, 
HM MM MODKHO ObIO MpeneOpeub. B Takom cyryyae 

N = pn. 

Kak W3BeCTHO, cpeqHee 4MCIO cilyualHEIx coBnaqenuit Ip MpoOOIMKUTeIb- 
HOCTH H3MepeHuA f MODKHO ONpeseIMTb 10 Popmyse 


re t oO03HayaeT paspelllaioujee BpemA alnapatyppl. (Ipocrorsi pau Mbl 
MpPeANOOKAIN, YTO BePOATHOCTb cpabaTbIBAaHMA YMHOKUTeeH OfMHAaKOBa, 
OJMHAKOBbI MW MOCTyMatouMe Ha HUX CBeETOBbI€ MOTOKM. Xo pacuera He MeHA- 


Lh Dee Naa Ad ah 
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eTCA, eCJIM MPHHATb BO BHMMAaHHe pasHble BeposTHOCTH epabarTBisaHiy M pas- 
HUY CBeTOBbIX MOTOKOB). 

OOulee uMcNO OTMeYeHHBIX coBMayeHHit paBHo uncmy CIyuanHbIX COB- 
MayeHun, MOC YMCO MCTHHHBIX coBMayeHuit. TIpu onpexenenuu uncna ucTuH- 
HbIX COBNaeHu HeOOXOAMMO pa3sMUaTb Te CilyyaN, Kora (OTOH He BbISbIBaeT 
cpa0aTbiBaHuA OOOUX yMHODKUTeMeH MOTOMY, YTO KATO OAHOFO M3 HUX cy 4anHo 
He MCIYCTHII IICKTPOHA (BEPOATHOCTh TOrO, YTO 9MMCCHA MponsoliyeT B oGoOUX 
YMHO)KUTeIAX, PaBHa p*), M Te cyyau, Korga PoTOH BooOue HecmocobeH BbI- 
3BaTb CpadaTbIBaHMe OOOMX YMHOKUTeTeH, u60 [BMOKeTCA MCKIIOUNTeEbHO 
B OJHOM M3 Iy4KOB. 

Ecim MmpeMosI0xKMTb, YTO MCTMHHBI€ COBMaeHMA ciOCcOoOHa BbI3BaTb 


_€-Hadv JOJIA (OTOHOB, T. e. BCero ef POTOHOB, TO U4MCIO TakKHx coBnasqeHnit 


cocTaBuT «p? nt. Odilee »Ke UNCIO coBMageHnii OyzeT paBHo : 
i] 


K=Ky+ep?nt =2 N*tt+ «pM. (3) 
Ec Obl MCTHHHbIe COBINaTeCHHA BbISbIBAaJIMCb 3HaYMTeJIbHOM UaCTbIO (POTOHOB, 
T. €. ec e€-1, 3a CPpaBHUTeIbHO KOPOTKOe BPeMA MOKHO ObIIO yCTaHOBUTS, 
MMeCroTCA JIM Cpe coBnayeHuli MCTHHHBIe. PacxooKeHHe MOKAY UMCIaMu 
coBpnayzeHui MO)KHO Ha3BaTb CYIWeCTBEHHbIM, CCIM ~ j 


K>K,+ 34k, (4) 


(rae uepes A K, o003HayeHa cpeqHAA KBaspaTuyeckan OWIMOKa UNCIa CLy4aHbIXx 
coBnajeHui). Jje0 B TOM, 4YTO BEPOATHOCTbIO NOABJICHHA OTKIIOHEHHMH, MpeBbl- 
WWalollux TpoeKpaTHy!0 CpefHIOW KBapaTMyecKyW OWIMOKY, MO)KHO MpeHebpeub. 
Ecuim B BbipanKeHve (4) MoAcTaBMTb or7KMJaemyl0 M0 paciipezemenuto Ilyaccona 
ommdxy : (4 K,)? = Ky, TO pesybTaT NOKaKeT HAM, CKOJIBKO BPeMEHM [OJIKHO 
JUIMTbCA M3MepeHHe. 


epNt > 3 |/2.N2 ct 


u 
18 
Pee ae ga (5) 
=F 
Yoxue eet cuéTUMK COBMaseHui JlerKO HaCTPOHTb Ha paspeuraiomee 
Bpema tT = 2,10 - 6 cex. Ec mogcTaBuTb 3TO — BMecTe c € = 1 u p = 3,10 


— B dopmysy (5), MbI Nouyaum TpeOyemoe BpemaA: f > 4 ceK. 

Vig BbIecKa3aHHOro ABCTBYeT, 4TO, eCIM Obl 3HAYMTeIbHaA YacTb oTo- 
HOB IIpHBOAMIa K MCTHHHBIM COBMaseHHAM, 9TO MO)KHO ObII0 Obl yCTAHOBUT 
MyTeM M3MepeHHA MPOMOIMKUTEIbHOCTbIO B HECKOJIBKO COKYHA. 

Ec TObKO O4€Hb Malad YacTb POTOHOB faeT MCTMHHbIe COBNAeHHA, 
T. e. ecuuM ¢e <1, TO JIA yCTaHOBJIeHMA HaIM4nA TaKMX MCTHHHBIX COBMAaCHun 
W3MepeHHe JOIIKHO ObITb MOBOIIbHO MPOAOJDKUTCJIbHBIM. CnpalluMBaeTca, KaKUXx 
pe3yJIbTATOB MO)KHO QOONTLCA B Cily¥ae peallbHO JOMYCTMMOM MpoOsOIKUTeJIb- 


1s 
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HOCTM UZMepeHHA. ITO onpesenAeTcA MorpewmHoctbw aKropa «. V3 tbopmysbl 
(3) cyleqyer : 


pep ae = ae (6) 
M aoe : = 


Tipu pppoe BbIpaxkeHHA (7) MbI TMOJCTaBHJIM Ha OCHOBe CBOMCTB pac- 
mpefeseHua IlyaccoHa BMecTO cpeqHe KBafpaTHYHOK OWIMOKM KOpeHb cpe/i- 
Hero 3HaveHHA M MpousBenM BCNeAcTBHe ¢ <1 nogcraHoBKy K ~ Ky. Ecum 
NOACTaBUTbh B (opmyyy (6) BbILeMpMBeeHHbIe 3HaYeHHA M ft == 5 YaCOB, MbI 
NOJYYMM JIA NorpeWtHocTu e 3HayeHve Ag = + yl eee MHbIMM CJIOBaMH : TyTeM 
NATMYaACOBOrO HM3MepeHHA MO)KHO OyeT yCTaHOBUTh, BbISbIBAaeT JIM MCTMHHbIe 
coBnayeHuA Oosee 2 MpoOleHTOB POTOHOB. 

OrTctofa BUHO, YTO JaxKe MPM CpaBHUTeIbHO MaJIOM BepoATHOCTH cpada- 
TbIBAHHA MOTOITEKTPOHHOFO YMHO)KMTEIA MOOKHO C MOMOLIbIO OObIMHOK ycTa- 
HOBKM JIA pervcrpaumn copnagenult (t ~ 2,10 ° CeK.) ONpeeJINTb, MpeBbulaeT 
JIM OOujee YMCIO COBMaqeHHH YMCIO ciy4aHHbIxX — WHbIMM CJIOBaMM, OTMeUa- 
}OTCA JIM MCTMHHbIe COBMAaeHHuA. 


§ 3. Metoa u3mepenna 


UrToObl ycTaHOBUTb, OTMeUaIOTCA JIM MCTHHHbIe COBMaseHHA, HeEOOXOAUMO 
TOYHO 3HaTb YMCIO CiyyahHbIx coBnaseHui. LlenecooOpasHo nocTaBuTb oMbit 


M, 


Cuyetrunk 
copnane- 


3, 


si ory. ‘ i 
Puc. 2. YcranosKa jin cuéra MCTHHHBIX 11 cy4aiHbix copnayeHnit 


TaK, YTOObI YMCIO CyYaHHbIX coBnaennit U3MePAJIOCb HellOcpeCTBeHHO. Ecnu 
OCBETHTb (POTOITEKTPOHHbIe YMHOIKUTEIIM ABYMs Pa3HbIMM HCTOUHHKaMNM CBeTA, 
MbI OOASATEIbHO MOJIYYMM OMH JIMULIb calyuaiHble CoBnayleHns. Llenecoo6pasno 
yepeqoBaTb KOrepeHTHOe HM HeKOrepeHTHOe oOcBelleHHe 4H HenocpesCTBeEHHO 


CpaBHUBaTb YMCA coBmaeHHi. (CM. puc. 2. TlonepemennHo ropsr M60 ucrou- 
HMK cBeTa F, s1mO0 McTOUHMKHM cBeTa F, Wi Fo 
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: Il. 


§ 4. OnTuueckaa yacTb ycTpoiicTBa 


Ontuyeckoe o60pysoBaHne, MPHMeHABUIeecad WIA HalleTO ombita, u3- 
oOpaxKeHoO Ha puc. 3. 

M3 cnekrpa ucrounuka cBeta F MbI C MOMOLIIbIO IIpH3MeHHOrO MOHOXpo- 
MaTOpa BBIJeJIMIIM MOOCYy Cc AJIMHOK BOJHbI OKOTO 5000 A. Cer IIpOXOAMT Yepes 
JiMH3y L uf oTparKaetca 3epKasiom T Ha (poTOIeKTPOHHbIe ymMHooxuTesu M, u M?. 
CpeT oT McTOUHNKOB F, u Fy, MlomaaeT COOTBeETCTBEHHO Ha (hOTOIIeKTPUHHbIe 
yMHOKUTeIH M, u My, Munya 3epKano T. Mepex tboroseKTpOHHbIMM YMHODKH- 


; , ais 


4 
i 
4 
e 
od 


Fi 


| 
| 
| 
HN 


Puc. 3. Onruueckaaw uacTb ycrpolicrBa 


TeJIAMU B KOKyXe TEPMOCTATA-OXAIMTeIA OM Mposeanbl oTBepcTuA By u B, 
jMameTpom B 6 MusMMeTpoB. B KayecTBe MCTOUHHKOB CBeTa ObIJIN IpMMeHeHbI 
jlaMMbl Tuleoulero paspaAja tuna K,-12-12. Usmepenue Beocb Cc (POTOHHBIM NOTO- 
Kom B 13 000—130 000 doroHoB B cekyHyy. JlocTH>KeHHe CTOIb Caboro ToTOKAa 
He IIpeCTaBIANO 3aTpy{HeHMi, M00: A) MbI MCMOJIb3OBAaJIN JIMUb y3kyto Toslocy 
Bcero CIeKTpa, TaK YTO MHTCHCMBHOCTh OcBeLeHUA ObIIa M cama M0 ceOe HeBe- 
suka, M 6) Tepe, MOHOXpoMaTOPOM HM 3a HUM MbI MocTaBuIM AuadparMbl. Tou- 
Kan perysIMpOBKa MHTCHCMBHOCTM OCBeleHHA OCYLIeCTBIAACb NyTeM H3MeHe- 
HUA TOKa MMTAaHMA JaMMoueK. 

[Ipu oTperysMpoBaHHN ONTHKM Hao ObIIO CeAMTb 3a TEM, YTOObI C 3ep- 
Kala T BeCb CBeT Masa Ha OTOKATOAbI BIeKTPOHHBIX YMHOKUTeTeH, 00 
B IIPOTMBHOM cuIyyae 4YaCTb CBeTa He MOFJIa Ob! BbISbIBATb coBnaeHH. B TO >Ke 
BPeMA MbI He MOFIM yOeAMTbCA B MpaBMJIbHOCTH Hala\KU YCTaHOBKM 3pHTeJIb- 
HBIM IyTeM, BCJeCTBHe MaslOM MHTeHCMBHOCTH CBeTa HM OCOOeHHOCTeM KOHCTPYK- 
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MM OxaquTena. MosTomy HasiaKa Beslacb B Cilefytoulel MOcNe{OBaTeJIbHOCTH = 
MCTOUHUK cBeTa F ObII 3aMeHEH APYrHM, MOLIHbIM. SaTeM Mbl HaBeJIM Ha WeHTPbI 
quapparm B ws00paxKeHuA BEIXOAHOrO 3pauKa MOHOXpoMaTOpa. ITa perysu- 
pOBKa Beslacb MyTeM BU3yaJIbHOrO HadsOAeHuA. Ilocme sTOrO MbI CHOBa CTaBMJIN 
Ha MeCTO llepBOHAaYaJIbHbIM MCTOUHNMK CBeTAa M NyTeM MepeqBMraHHA (POTOSJIEKTPOH- 
HOrO YMHOKKUTeIA BbIMCKMBAJIM TO TMOJIOKeHHe, B KOTOPOM CYeTUMK OTMeUAII 
HaMOoJIbillee UMCIO UMITYJIbCOB. DOTOIIEKTPOHHbIN YMHOPKUTEIb, a TAKIKE BECb 
TePMOCTAT MO)KHO ObIIO MepeABMraTb B BEPTHKaJIbHOM UM MoMepeyHOM HalipaB- 
JICHHAX UM BPalllaTb B TOPH3O0HTAJIbHOM MMIOCcKOCTH BoKpyr 3payuKa B. 

Pacnosio#KeHHe MCTOUHMKOB cBeTa F, u F,-M TOYHOCTbh MONyyeHuA UX 
u300paoKeHHA Ha POTOKATOMaX He MMeJIM OCOOoro 3HaYeHHA, HOO UX POJIb 3aKIO- 
yallaCb JIMUIb B TOM, UTOOLI BHISbIBATh CpaOaTLIBAaHHe OOOMX POTOYMHOKUTETeH 
HesaBUcuMO [pyr OT Apyra c M3BecTHOM yacToTOH. 

IlponyckHyt0 MW. OTparKaTeJIbHY!O CMOCOOHOCTb 3epKasla T MbI oMpeesMJIM 
C MOMOM{bIO PoTOMeTpa, KasIMOPOBaHHO"O B MUKPOJIOMeHaX. SepKaslo MpomycKaeT 
40°, Magatoulero Ha Hero cBeTa MH. OTparKaeT 60%o. 


§ 5. Peructpupyroulee ycTpoiicTBo 


Perucrpupyroulee ycrpovictBo cocToAsIO U3 (OTOHHBIX CUEéTUHKOB, ONM- 
CaHMA KOTOPbIX aHbl B CraTbAX [3] u [4], M M3 cuérunKa coBNayeHuii (puc. 4). 


M, Mynbtu — Katogubiit MepecuetHoe 
YMHOOKUTE Nb YcnuJINTeJIb BuOpatop nospToputTenb ycTpolcTso 
Yetpolictso Mexanueckuit 
copnaheHuit peructTpatop 

Mynbtn - Katogupiii MepecyetHoe 
Yeunutenbl 4 su6patop NOBTOPHTeNb ycTDolicTBO 


Puc. 4, Cxema perucrpupyroulero ycrpolicrsa 


Mexanniuecuuit 
peructpatop 


i 


Mexaniueckuit 
periuctpatop 


Ms 
YMHOOKUTEb 


> 
ll 


YcuJIeHHble MMMYJIbCbI QICKTPOHHBIX YMHOKUTeeH M, u M, c cognoit 
CTOPOHbI NOCUMTHIBAINCh, C pyro Ke NMocTynanM Ha cueTUHK copriayennit, 
MmnyJ1bcbl copnagqeHuit perucTpupoBasIMcb MexaHM4uecKMM perucTpaTopom, pado- 
TaBLIMM OT yipaBistollero KacKayla. B oJleKTpHuecKoli cxeme cueTUMKa COB- 
NaeHu Mb NPUMeHMJIM MeHTOA, Ha YMpaBAIOMy!O MW YCKOPSIOLLy!0 CeTKH KOTO- 
poro MocTynanu mpuxosAujMe Cc OOeMX CTOP OH CHrHaJIBI. 


. 
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§ 6. Kontpoabupie u3smepenua 

MbI TUaTesIbHO MpOBepHIM 9eKTPOHHY! YacTb Hallero oOopyA0BaHnA 
C MOMOU{b!0 M€TOJOB, ONMCaHHbIX B CTaTbAX [3] u [4]. Ocoboe BHuMaHue yaenniu 
MbI TIpoBepke CueTYMKa COBMaeHu: He MponycKaeT JM OH CoBNMayeHui u He 
OTMeUaeT JIM OH JO2KHbIX coBnazeHni. TMpapza, oOopyfoBaHne ObI0 OrparKeHo 
OT BHEWIHHX MOMeX, HO JIO)KHbIe COBMAaeHHA MOrYT OTMeYaTECA M TAKUM IyTeM, 
—4TO OHA CTOpoHa Halle ycTaHOBKM cpaOoTaeT OT MMNyJIbCa 9eKTPOHHOTO 
YMHOKUTEIIA, a YCHJICHHbIM CHrHasl 3acTaBMT cpadoTaTb, B cy ee upesBbl- 
4YaHHO BbICOKOM YYBCTBHTeJIbHOCTH, M BTOpy!o cTopoHy. UToOsi mpoBeputp 970, 
MbI BKJIIOUHJIM BCHO SJICKTPOHHY! YacTb Halle ycTaHoBKH. Ha ofHoi cropone 
padoTa M oTOSTeKTPOHHbI yMHO)KUTEIb, a Ha Apyro mb MpepBanu nuta- 
Oly! Lelb QI@CKTPOHHOrO YMHOKUTEJIA KOHCHCATOPOM OObIOM eMKOCTH. 
Takum o0pasoM, Ha 9Ty CTOPOHY MOM MOCTyNaTb BCAKHE JIOXKHbIe MMITYJIbCHI, 
MOPIM BOSHHKaTb JIO)KHbI€ COBAMAeHHA. 

JIoxKHEIe COBMaeHHA HaM yflaJlOCb MOJIHOCTbIO yCTpaHuUTD. 

O6e cCTOPpOHbI MbI HACTPOWJIM Tak, 4TOOb! Mp paBHOM MHTeHCHBHOCTU 
OCBeLeHMA OTCUeTEI Ha CUéTUNKAX ObLIM TIPHONM3HTeIbHO paBHbl. 

BadKHbIM KOHTPOJIbHBIM V3MepeHHeM ABMJIOCb YCTaHOBJIeHMe TOFO, CX0- 
JMTCA JIM paspellatollee BPEMA, MCUMCIIeHHOe Ha OCHOBe PopMysibl (2) 43 4YNCNA 
clyuaHbIx coBMasqeHHii M YMCA OTCUMTAHHbIX MMIyJIbCOB Ha OOeMX CTOpOHax, 
C HelMOcpeACTBeEHHO M3MepeHHbIM paspellarolMM BpeMeHem. IlocmeqHee 3amMep- 
AJOCb TaK, UTO Ha CUETUMK COBNaseHuM CMrHaIbI MOMaBasucb C OAHOFO M TOTO 
2Ke QIIEKTPOHHOTO YMHOKNTeA, HO OAMH M3 CHFHaJIOB MpolycKalicA yepes 
JIMHM10 3ajepoKKH. IIpu ompesesIeHHOM 3HaYeHHM 3afepoKKM COBMaeHHA yrKe He 
JJOJDKHbI OTMe4UaTbCA. TakMM TYTeEM MbI MOJYUMJIIM WIA paspeularoulero BpemMeHu 
sHayueHve t = 2,3 + 0,2- 10 ° cex. (0,2- 10° cex. — mHTepBan mepexosa). 
TlomyyueHHoe 3HayeHve XOpOulo coriacyeTcA cO 3Ha¥eHHeM, MCYMCJIeHHbIM U3 
caryuanHblx copnayeHun. 


Hii. 


§ 7. Usmepenna 


Ilpu usmepeHuAXx MbI Yepes KarKsble [Be MMHYTbI YepeMOBAaJIM KOTepeHTHOe 
M HeKorepeHTHoe ocBemjeHne. IIpu KarKOH 3aMeHe MbI OTCUNTHIBAIIN NOKaSaHA 
cuéTUMKOB 060MX JeKTPOHHbIX yMHonMTeret (N,u N,)u cuéranka copnaqeHHii 
(kK). B xoje Uu3MepeHHA BbIABMJIMCh KosleOaHuA uncia cpadaTbiBanui. Ha 
mpakTvKe HaM yjlajocb nosyyatTb 20—100 ABYXMMHYTHBIX MepHOAOB oTcuétTa 
[IPH H€M3MeHHOM uncse cpadaTbIBaHHii. M3menenue YacTorbl cpaOaTbIBaHHsA ObII0 
HeBeJIMKO, HO ObUIO Obl BCE IKE SATPYAHUTeILHO BOCCTAHABJIMBaTb NepBOHa- 
yasIbHble SHaYeHHA Nocue KaxKLOrO Takoro usmeHeHMA. Topasqo uenecoodpasuee 


- Obw10 nponomKats uamepenne, Meenorpe Av U3 s 
- o6pabaTHIBaTb nosy ¥eHHBle aHHble TAKHM MeTOJOM, ae 


NOJTY4eHHBIX | mip KorepeHTHOM W HeKOrepeHTHOM OCBeLIeHHH, oKasamocb 
BHCHMbIM OT M3MeHeHHA yacTOTbI cpaOaTbIBaHHs. 


§ 8. Meroy oOpaboTKH HaOs0feHnit 


Urobpt cqeaTb oOpaborky HeOsOAeHHH HesaBMCUMOi OT M3MeHeEHH MHTCH- — 


CMBHOCTH, [eecooOpasHo MOJ10KUTb B OCHOBY OOpadoTKM paspelliaiollee BPeMA 


T, — Beb MIP OCBeL[eHHM HEKOrepeHTHbIM CBETOM BOSHHKAIOT JIMIIb Clyyali- 
HbIe CoBnaeHua [Popmysa (2)]. 3yecb Tt ABIIAeTCA KOHCTAHTOM JaHHOH ycTa- 
HOBKH HM He 3aBHCHT OT HHTeHCHMBHOCTH. UncIO COBNAaqeHHH MO)KHO UH JIA CiLy- 
yas OCBeLeHHA KOrepeHTHbIM CBETOM IIPHBeCTH K BUY, CXOHOMY Cc (popmysiol (2): 


K=2N?e™ t. (8) 
Vs dbopmyn (2) u (8) cnenyer : : 

i) Rl 9 

Ty OR (9) 


V3 dopmyst (9) BHAHO, YTO, CCIM MpOMCXOAAT MCTHHHbIe COBNAaeHHs, 
ro t“) ~ + —nHesapucumMo oT KoNeOaHHit YacToTH! cpabaTEIBaHMii BO Bpema 
usmMepeHHsl. 

UncienHand oOpadoTKa MOJIYYeHHBIX JaHHbIM MpPOWMCxoMa CeAyOUMM 
oOpa30M : MbI BEIM pacuéT OTMCJIbHO AIA Kako cepuH HadsO,eHHH, B Ipeze- 
aX KOTOpOH uacroTa cpadaTbIBaHHi OCTaBaJlacb MOCTOAHHOH, T. e. HaOs10- 
JaJIMCb TOKO CTaTHCTHYeCKHe KoseOaHHsA ee. Tocse 9TOroO MbI CBOAMJIM pesysIb- 
TaTbl, TOJIYYeHHbIe OT OTACJIbHbIX CepHi, B CBOAHBIM MTOr. 

Jjannple Kako cepuu oOpadaTbiBainch Tak: H3 4ncNa cpabaTHIBaHHit 
3a KaKIblii [BYXMMHYTHbIi MepHo, KaK Mp KorepeHTHOM, TaK M Tp HeKore- 
PeHTHOM OCBeLCHHM Mbl PaccUHTbIBaIM paspemlaioujee Bpema Tt) win — npH 
KOrepeHTHOM OCBeLeEHHH — COOTBeTCTBYIOMee eEMY KarKyleech paspeulatonsee 
Bpema t, (B janbueimem mayexc (i) OTHOCHTCA K JaHHBIM, MoJIyYeHHBIM 
Mp HEKOrepeHTHOM OCBEICHHH, a HHACKC (XK) — K MOJIY4eHHBIM pH KorepeHTHOM 
OCBelleHHN.) 

KY T 


ieee 
Ty ii) 2 Nw NS (10) 


(Mnjekcom » MbI pasIMgaeM aHHbIe, MOYUeHHbIe 3a OTEIbHbIe AByX- 
MHHYTHbIe MepHobl — T = 120 cek.) Pasymeertes, 


Ost, w (11) 
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T. €. PaBHO3HA4HO jleCTBUTeIbHOMY paspellaiollemMy BpeMeHH. 


SaTeM MbI paccuvTaIM cpeqHMe 3HaueHMA JIA Karol cepun HabsH0- 
eHuH, T. e.: 


ky k 
ye Nile ik? ln a iY 


m 


i) ™%] + Te. ... +Tm 


° 


i) 


(12) 


T= 
m 


re m oOo3sHayaeT 4MCO HadmOAeHHH B KaKONM cepuu. Jlanee, OniiM paccun- 
TaHbl CpeqHHe KBajpaTHUHble OWIMOKH : 


Age oa hes Dae Led is + (x# — Seale + oe | 


' m(m — 1 
(13) 
a (t, — Tt)? + (t.—T)?4+ ... Ys 
AT =y]-- : 
Leet edad 
B cayyae, ecw 
tT _ ¢ < 3[(Ar)? + (Ar)?]* (14) 


TO oTKoHeHHe 7” oT paspellatollero BpeMeHH Tt He ABIIAeTCA cyllecTBeH- 
HbIM HM HCTHHHBIX COBMAaeHH HeT, — BepHee, UX YMCIO HE BbIXOANT 3a Mpesesbl 
JONycTHMOH NorpeuiHocTH u3sMepeHnii. 

Jia mpopepku Toro, jelcCTBUTeIbHO JIM KOJIeOaHuA B Mpesenax cepuu 
HaOJHONeHM ObUIM TONbKO CTaTMCTMYeCKMMM, MbI paCC4YMTalIM paspelllarolsee 
BpeMA M M3 cpefHero ica uMMybcoB K, N, u N, 3a ceputo 


rs Kk) a K‘) 
oe ae ng ct ee aa (15) 
2 Ne NP 2 Np Ni 
ue NK! 
rae KO? = las Ke Vests J 


mm 
Mob pacculTaJIM CpeqHvNe KBafpaTHyecKhe OlUMOKU PpacC4UNTaHHblx TaKUM 


nlyTeM 3HaueHnii tr) UT: 


Aq) = + 7H |/ Alen u A 


mK® 


SU 
I 


HM C TIOMOUIbIO- cpeqHero- 3HayeHHA. Toa 1 I 


,Ga1mnty o6pasorKu BAHSEYS KopoTKoli cepun (rab ula 


Ta6auua I 


OOdpasey o6padorKu cepun Hadmogennit 
T = 120 cen. 1 = 256 — 


Korepentupie _ _Hexorepenruie oe 


N,/l | a K : 10%r, | 10(4 ,) | Ny | N,|t | K 108%, 10% (4c) fr 
il 183 | 173 84 | 2429} 00324) 187) 182 93 2502 31360. 
2 179 174 96 2822 11289 185). 183 99 2677 01254 
3 183 178 94 2642 02433 186 185 ~ 107 2847 |. 079525 5= 
4 181 181 96 2683 03880 187 186 88 2316 | 06200 
5 179 180 85 2415 00504 185 185 101 2702 01876 — 
6 178 | 181 93 2643 02464 188 185 84 ear | 12532 
il 185 181 103 2816 10890 189 186 114 2969 16322 
8 178 183 90 2529 00184 186 184 92 2461 01082 
9 176 183 92 2615 01664 188 187 Ak 2005 31360 
10 180 186 74 2024 21344 191; 189 119 3018 20521 
11 180 Lig 91 2615 01664 187 184. 91 2421 | 02074 
12 177 176 81 2381 01102 185 179 110 3041. 22658 
13 176 181 90 2587 | 01020 | 185 183 102.) 2758 03725 
14 178 itil 73 2156 | 10758 194 183 80 2063 25200 
15 180 181 65 1827 | . 43428 189 182 89 2369 03842 
16 | 176 179 89 2586 01000 184 184. 99 2677 01254 
2 | 2866 | 2781 | 1396 | 39772 113948 | 2996 | 2947 | 1545 | 41037 | 189212 
INE IN acres 3.4 ~ ARS NA Bieta acs T Az 
179,13 | 179,44 | 87,25 2,486 | +0,069 | 187,25 | 184,19 | 96,56 8,565 | +0,088 
or MCeK {oS ee eet es uceK 
At Att t At 
2,485 | + 0,065 2,563 | +0,062 
MceK peceK | MCeK MceK 


§ 9. PesynbTaTbi u3mMepeHHii 


Mbl BbINOTHHIM OOLIMM cuérom no 119 jByXMMHYyTHBIX U3MepeHHi Kak 
IPH KOPepeHTHOM CBeTe, TaK MH MPH HeKOrepeHTHOM. MHTeHCMBHOCTb BO BpeMsA 


usMepeHuii Oba MopayKa N = 400 ummypcos B cekynyy, T. e. n = 130000 
(POTOHOB B CeK. . 


——_— 


4 
— << 
a 


sid lit ROPERS pe OO her 
aa de dati OCBeLIeHMH : a) a i Hees 
== 2,434.4- 0,022 ycex. 


” 


bi ect YCpeHeHbI yoKe 6Ce TOyueHHbIe jaHHbIe. 
i. 1 

— corslacyiores coorBercrBenHo co sHayenmamu t“? wt. Xopomo cormacy- 
- «TCA. HM COOTBETCTBYIONIMe OMIMOKH, M 9TO MOKA3bIBaeT, YTO KOMeGaHMe YNCHa 


a 


Waembix m0 pacnpeyenenuto Tlyaccona. 
V3 BblllenpuBeeHHbIX JaHHbIX Mbl paccuntTaM eM Ae. U3 dopmynr (9) : 


v CRAB oe ee (17) 
y i 
‘a ul 
E ie ae [(4e)? 4. (Any). (18) 


q . Mogcrapus pesysbTaTbl u3sMepeHui B BbIpaxkeHuaA (9) Hu (10) BMecTe co 
3HayeHvemM p = 3,103 [3], [4], MbI NosyuMIM pesybTat : 


& = 0,0076 + 0,0040. 


BugHo, uro 3HayeHne € OJIN3KO K 3HaYeHMIO OWIMOKM. ITO O3HaUaeT, TO 
MCTMUHHBIX COBNaseHuH He HAONWAANOCh; TOUHEC, ATO 
MCTMUHHbIe€ COBNARCHHUA FaBano He HOonee 2% POTOHOB. 


ee ee 


TY, 


§ 10. Meroy yacToH MepeMeHbI OcBeLeHHA 


B xoje HarlajiKM 9KCHepMMeHTasIbHOrO OOOpyOBaHuA MHOrO 3aTpyAHeHMH 
jocTaBusio oOOectieyeHve ycToMuNBocTM 4NcIa cpaOaTbiBaHui. B xojfe usmepe- 
HM, OMMCaHHbIX B passene III, yqauocb MOOUTbCA MOCTOAHCTBAa YaCTOTbI Cpa- 
OaTLIBaHMuA Ha poTaKeHnu 20—100 AByXMMHYTHbIX UMKIOB. HO MbI BCE Ke 


7 


—-s- BuAHO, uTo paccuvTaHHbie ja KOHTpona sHayenna 7 ut xopomo — 


— copnasennii B Mpejesax OT/[eIbHbIX cepHit He npeBbiayio OTKJIOHCHMM, ODKU- ~ 


--yaaerest conepulieHHo jae! 3aBHCMMOCTS namepenn | OT KOUE { 
| i CMBHOCTM ocBelleHHA. CylIHOCTh 9TOFO MeTOJa SaKmOUAeTCA B ‘cTONb uacroH 
=. rlepemeHe 060MX LMKIIOB (ocBeujeHue TO KOrepeHTHBbIM, TO HeKOFepeHTHb [DIM 
-- cBeTom), YTOOHI KOJeOaHMAMM OCBELICHHOCTH 3a Kak bili Tako nepvoy MO>KHO 
Opu10 mpeHedpedb. Urodbi HaBepHaKa JOOUTLCA ato esiM, TOTpeOOBasoch — 


Puc, 5, Cxema u3mMepuTesbHOrO ycTpolicTBa, padoTaioulero B perxKHME 4acCTOH MepeMeHbI 
KOrepeCHTHOrO MH HeKOTepeHTHOrO OCBeLIeCHHA 


MepeKMOUaTh OCBeL[eHHe 10 HECKOJIBKY pa3 B CeKYHY. ITY 3ayjauy MbI pas-— 
pelIMJIM C MOMOMIbIO IIEKTPOHHOTO yCTpOHCTBa, M C MOMOLM{bIO IJIEKTPOHHOTO 
Ke YCTPOHCTBA OCYINECTBIAJICA MOACUeT C PaSJIMYeEHHeM HMITYJIbCOB, BBbISbIBa- 
eMbIX KOFepeHTHbIM M HeKOrepeHTHbIM cCBeTOM. PadoTa alnapaTypbl mpu 
ObICTpoh MepeMeHe KOrepeHTHOrO M HeKOFepeHTHOTO OcBeIl|eHHA MpecraB- 
JieHa Ha pue. 5. 

VUcrounuk cBeta F, culyoKauMi [It KOrepeHTHOTO OCBeLIeHHA, 3a)KH- 
raeTcA C MOMOM{bIO reHepaTopa A, a CJlyKalllMe JIA HeKOrepeHTHOrO OcBeLle- 
HMA MCTOUHMKH cBeTa Fy u F, — C MOMOLbIO reHepatopa B. Teneparopbt pabo- 
TaloT NOMepeMeHHO, NOITOMY M JlIamnouKH Fou Fy, Fy ropaT TakoKe Momepe- 
MeHHO. Tlocrymaroujve C 9I€KTPOHHBIX YMHOKMTeTeH MMITyIbCbI MW COBNayqeHuA 


ae 
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Mbl NOJCUMTBIBAEM PAaS{eIbHO AJA KOFepeHTHOrO M HeKOrepeHTHOrO OCBeIeHUS. 
Cuérunku CY" wn C5°" padorawr smu Torga, Kora ropuT jamna F’. Jroro 
MbI JOOMJIMCb C NOMOLIbIO CHrHada a, NocTynatouero OT reHepatopa JIA Kore- 
PpeHTHOrO cBeTa. TOUHO TaK >Ke BKINOUAIOTCA C MOMOLIbIO curHasia b cueTUnKH 
ewer uw Coe" TlomepemeHHo Ke MOACUMTbIBAIOTCA HM CHrHaJbl coBnajeHui, 
MOCTyNatollMe MPH KOrepeHTHOM WM HeKOrepeHTHOM OCBeLLeHUH. 


Vv 


Puc. 6. Tpapuk curHanop ynpapsenusa u ocBenleHusaA B yHKUNH BpemMeHH 


TeHepatop, CJlyKMBIIMH [JIA 3axKHraHHA JIaMMmouek M yopaBJleHHs cyéT- 
YMKaMM, Obi] CHHXPOHM3MpoOBaH C CeTbIO MepemeHHOrO TOKa uacTOTOH B 50 
lep./ceK., oOecneuMBaxA B TeYeHHe OAHOFO NoJynepvosa KOrepeHTHOe, B TeYeHHe 
Apyroro noslynepwoqa — HeKorepeHTHOe ocBelleHve. CHrHasibl yipaBneHHA 
QI€KTPOHHO-aMNOBoH alilapaTypoM HayMHaNIMCcb HeMHOTO MO3qHee MH KOH- 
yasIMCb H€MHOrO paHbllle CMrHaJIOB, 3aKHralouMx JamMnbl. Tpadpuk Buya cur- 
HaJIOB JjaH Ha puc. 6. 


§ 11. Kontpoxbubie usmepennav 


IIpopepky 060py0BaHHA MbI MIpOM3BeJIM 10 MeTOaM, ONMCAHHbIM B. CTaTbe 
Po en "6. 

IIpu oOpa6oTKe aHHbIX BayKHO 3HATb TOUHY!O MPOMOJDKUTCIbHOCTb CHI- 
HaJIoB a uw b. He MeHee BadKHO, YTOOI OTHOMeHHE MpOOJKUTEIbHOCTH ITUX 
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onienane (4 OcTaBaslocb BO BpeMA M3MepeHHA HeEM3MeHHBIM. JIA rIpoBepKu 
9TOFO, MbI MocNe KarK{bii 5 usMepeHH saMepAIM 3HayeHHe se STO MpousBosH- 
JOCb MYTeM OCBeIeHMA 3/ICKTPOHHBIX YMHOIKHTeeH MOCTOAHHO TOpALMM 
MCTOUHHKOM cBeTa M MogcueTa ucla cpadaTbIBaHHi. OTHOLMIeHve , PaBHo OTHO- 


WeHHIO UMce cpaOaTbIBaHHit CUéTUNKOB, MpMHase7Kall{MX OMHOMY M3 9IeKTPOH- 

HbIX YMHOKMTeNeli HM ypaBAeMbIxX curHaamu a u b. pu obpadoTKe HadsI0- 

JeHWM Mbl MCMOb30BaIM CpefHee 3Ha¥eHHe, NOMyYeHHOe M3 9TMX U3MepeHUii. 
a 


Tlo noslyueHHbIM Hamu TaHHBIM, ~~ PaBHAOCb 0,987. 
CXOJHbIM CMOCOOOM MbI H3MepHJIM UM MpOMOJKUTEIbHOCTh yipaBsJIAOWAXx 
ae 
curHanos. Orca a = 8,16 - 10 


§ 12. PesynbtaTai usmepennit 


B ycNoBuAx uacTonepemeHHOoro OcBellleHHA Mbl MpovsBemM 306 Tpex- 
MVMHYTHBIX H3MepeHH Np UHTeHCMBHOCTH N = 300 umnyspcos, T. e. ~ 100 000 
(POTOHOB B CeKyHAy. TpexMMHyTHble MepHObl ObIIM HY>KHbI HaM JIA CTaTHCTH- 
yecKkoH oOpadoTKH HadsoqeHHH. Mbl nouyaHsM cyleqyoulMe pesybTarThl : 

zt = 2,362 + 0,026 ucex. 


IPH KOrepeHTHOM OCBeLIeHHH : _ 
: 7 — 2,364 + 0,030 wmcek. 


i 


2,398 + 0,027  pcex. 


IIpH He€KOrepeHTHOM OCBELIeHHH : 
2,405 + 0,031 week. 


SHayenua At u At 3yeCb TOKE BECbMa XOPOUIO CXOAATCA. - 
13 BbILIeNpMBeeHHbIX JAHHbIX MbI BbIUMCIIMJIM SHAYEHHA e M Ae, MOMyUMB 
CeLyOuMH pesybTar : 


—: — 0,0029 + 0,0030. 


Kak BAUM — B CpaBHeHMM C pesyJIbTaTOM, MIpHBe_eHHBIM B § 10 — mbt 
NOYUMJIM 3eCh ake OTPHMAaTebHOe 3HAYeHHE JIA &€, TAK YTO eHCTBUTEJIbHO 
H€BO3MO)KHO TIPHMMcaTh eMy SHaYeHMe, OTIIMYHOR OT HYJIA. 

MbI TIpoBOAMIM SMepeHHA M Mp MeHbUeii MHTeEHCMBHOCTH, C uacTOTO! 
cpadaTbipanua N = 42 umnysibca B CeKyHAy, YTO cooTBeTcTByeT 13 000 doro- 
HOB B ceKkyHly. B pe3ymbrare 159 TpexMMHYTHBIX H3MepeHHit MbI Nosyunn 
Win é WM Ae cnefyouwe sHaueHus : 


€ = — 0,0017 + 0,0036. 
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CpaBHuBax MIpuBeeHHble B HAaCTOALem Maparpate pesyJIbTaTBI C pesysb- 
TaTOM, MIPMBeeHHBIM B § 10, MbI MoJlyuaem U3 Tpex cepvit usmepeHuit cmeyly- 
foujee 3Ha4ueHHe cpequeH KBajpaTuuHO omMOKU e: 


Ae = 0,002. 


OTcioqa BMJHO, YTO UCTHHHBIX COBNageHun He ObIT0; 
TOUHe eC, AUTO HCTHHHBe COBNARECHHA MOTO VaTb He Oonee 
0,694 Bcex @oOTOHOB. Takum oOpasom, Haul Ppe3yJIbTAaTbI CXOMATCA C YTBep- 
)KICHHAMM KBaHTOBOH Teopun. 

Mbt xoTemM Obl BbIpasuTb ITemepy Papaeo u )Koamy Hapau waury Onaro- 
apHOCTb 3a MOJY4eHHbIe OT HUX IeHHbIe CoBeTHI. MbI JOJKHEI NOOMAarosapuTb 
TakoKe HalliMx coTpyfHuKoB M/axndopa Konya u Apnada Hadb, yuacTBoBas- 
WAX ,B TIpOeKTHPOBaHMM M MOCTPOWKe allllapaTypbl MH B CaMMxX U3MepeHUAX, 
a TakwoKe ®epenya J[eaka, BbINONHMBUIeErO HYKHbIe WMppoBble BEIYMCIeHHA. 
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COINCIDENCES BETWEEN PHOTONS CONTAINED IN COHERENT LIGHT RAYS 
By 
A. ADAM, L. JANOSSY and P. VARGA 


Summary 


The authors investigated whether or not photons contained in coherent rays are inde- 
pendent. A light ray falling on a semi-transparent mirror splits into two coherent components. 
Registering the photons of these components by two electron multipliers, it was investigated, 
whether or not the electron multipliers do give rise to coincidence discharges. It was shown 
that making use of an amplifier of usual resolving power, that is, of the order of 2 sec, the 
arrangement is suitable for detecting systematic coincidences if such coincidences occur. 

In the actual experiment the numbers of coincidences obtained with the multipliers 
were compared 1) when the multipliers were illuminated by coherent beams, and 2) when 
they were illuminated by equally strong incoherent beams. The coherent and incoherent illu- 
mination was changed in the first experiments in two-minute intervals, in the later experi- 
ments by an automatic arrangement at every 1/100 of a second. This fast interchange was 
employed in order to eliminate as far as possible the effect of slow variations of the sensitivity 
of the apparatus. 

The experiments did not show any difference between the effects of coherent and inco- 
herent light. Thus it can be safely assumed that all the coincidences recorded were accidental 
coincidences. Moreover, allowing even for fluctuations amounting to three times the standard 
error, the measurements would be incompatible with an assumption that more than 0,6% 
of the photons behaved in an anomalous way. 


BEMERKUNGEN 
ZUR ANALYSE DER ABSORPTIONSKURVEN 
Von 


_ F. BERENCZ 
INSTITUT FUR THEORETISCHE PHYSIK DER UNIVERSITAT, SZEGED 


(Vorgelegt von P. Gombads. — Eingegangen 1. X. 1954.) 


Die Leistungsfahigkeit der von Doetsch und Medgyessy zur Analyse der Absorptionskurven 
gegebenen, auf Fourier-Reihen fussenden Naherungsmethode wurde am Spektrum des Fe-Bogen- 
lichtes gepriift. Es konnte festgestellt werden, dass die einmalige Anwendung des Verfahrens 
im Falle gut gewahlter Streuabklingungsparameter sowohl fiir qualitative (Anzahl der Streifen) 
wie fit quantitative (Wellenlange) Bestimmungen zum Ziel fiihrt, fiir die Bestimmung der 
Intensitaét dagegen muss das Verfahren wiederholt werden. 


Die in der Spektroskopie erhaltenen Absorptionskurven kénnen auf mehrere 
Weise analysiert werden. Jenes Verfahren, welches die zu analysierende Kurve 
als Superposition Gausscher Fehlerkurven auffasst und von dieser Grundan- 
nahme ausgehend alle (zufallig verborgenen) Komponenten bestimmt, nennt 
man Gaussche Analyse, Wir wollen uns innerhalb der Gausschen Analyse mit 
der von Doetsch abstammenden sogenannten Streuabklingungsmethode beschaf- 
tigen [1], [2], fir die P. Medgyessy eine zur numerischen Rechnung sehr 
brauchbare Naherungsmethode ausgearbeitet hat [3], [4]. 

Die zu analysierende Funktion sei eine Superposition der Gausschen 
Funktionen der Form 


(x—m,)? 
meee eck (1) 
22 0. 
und habe die folgende Gestalt 

(x—m,)? 

N te 
Ax ue (2) 

x) = SS 2 9 

Ff (x) X Vinay 


wo m, die Stelle der Maxima der Gausschen Kurven und 0, die Streuung ist. 
(Ihre anschauliche Bedeutung : Halbwertbreite von zwei Wendepunkten der 


Gausschen Kurve.) 
Nehmen wir an, dass wir von f(x) ausgehend die folgende Funktion 


bestimmt haben : 


2 Acta Physica IV 4. 


ee wo. ot ein Siecage aes reller Wert ist. pei des H 


Reaver ieee dieselben. V 
geringste Streuung der f ) , 1 
die Komponenten von f *(x) eee Bore um sie a Soe ng 
von spektroskopischen Daten beniitzen zu kénnen. | eer 
Die Frage ist nun, wie man von der Funktion f (x) zu f*(x) kommen fe « 
kann. Doetsch arbeitete dafiir zuerst eine Methode aus, welche sich aber nur 
auf den Fall von gleicher Streuung bezog. Seine Methode kann man aber verall-_ 4 


gemeinern. Bilden wir die Fourier-Transformierte gy, bzw. y*,,, von f(x) baw. : 


*(x) : 
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Die Berechnung dieser Integrale ergibt (siehe [5]) 
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p* (t) = D> Axe =g(je . (7) 


k=1 


Aus (7) erhalten wir wegen der Giiltigkeit des Eindeutigkeitssatzes f*(x), indem 
wir auf ~*(y, die inverse Fourier-Transformation anwenden. Das von f(x) nach 
f*(x) fiihrende Verfahren ist dann das folgende : a bildet die Fourier-Trans- 
formierte yy) von f(x), diese multipliziert man mit e 2 ‘ und wendet auf diese 
Funktion die Umkehrung der Fourier-Transformation an. 


e oe the ee mit “Folvie: Réiken ee Z 
Verfahrens besteht darin, dass man die im Intervall (0, he 
? Aefinierten Funktionen 


(x—m,,)? 


a (oA)? 


,wenn 0<x< I, (9) 


fonst- - 


im Intervall (—I, 0) gerade fortsetzt und im Intervall (—1, 1) die so gewonnenen 
-£ Funktionen f(x) bzw. f*(x) — von welchen man periodische Wiederholung 


annimmt — in eine Fouriersche cosinus Reihe entwickelt : 
Fa, oo ee 
Fre) = 20 + SOs cos x, (10) 
n=] > 
wo 
l ‘ney 7 (x—m,)? 
¥ je k 22 
4 oiaras jae= > | | ep ee hes 1] 
=> |f@ax=7 || 2 pee. (11) 
ae | 0 
(x—m,)? 
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SOS cos —— xdx = — e cos —xdx, (12) 
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l . 
Rn => {F (x) cos ade = 
=i 


i (x—m,)? 


Sire Te nz 
As 2(7,—- || cos vp xdx. 
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(15) 


Man sieht aus einem Vergleich der in (12) und (15) stehenden Werte von Q,, bzw. 
R, mit den (4) bzw. (5) auftretenden Ausdriicken von gy bzw. p* (4) dass man 
die Werte von Q, bzw. R,, abgesehen von einer Konstante mit annahernder 
Genauigkeit, als reellen Teil der Fourier-Transformierten von f(x) bzw. f*(x) 


an der Stelle ¢ = a auffassen kann, da die Ausdehnung der Integrationsgrenze 


ins Unendliche im Ausdruck von Q, bzw. R, das Integral nicht wesentlich 
modifiziert. f(x) ist namlich nach Definition und also in der Praxis an den End- 
punkten des Intervalls klein, ausserhalb des Intervalls aber praktisch Null. 
So ist nach (7) mit annadhernder Genauigkeit : 


A2, n?a2 


ae 
R, =-0,¢ > 


d. h. man erhalt f*(x) aus f(x) (und so f*(x) aus f(x), wenn man die Fourier- 
A2 n2 a2 


Koeffizienten von f(x) mit ence multipliziert und mit diesen (13) bildet, 
natirlich nur bis zu einem gewissen n = M. Die ausfihrlichen Rechnungen 
teilen wir hier nicht mit, wir geben weiter unten nur die Fehlerschatzung der 
Naherung an. Da f*(x) (mit annaéhernder Genauigkeit) durch den trigonometri- 
schen Reihenschnitt, gebildet mit R,, gegeben ist, muss zu ihrer Bestimmung 
eine Fourier-Synthese durchgefiihrt werden. Weil die kleinste Streuung nicht 
bekannt ist, muss man im allgemeinen das Verfahren mit etlichen, wachsenden 
4 Werten wiederholen und von Fall zu Fall untersuchen wie sich die Kompo- 
nenten trennen. 

Unser nichstes Ziel war, die Leistungsfahigkeit der im vorangehenden 
besprochenen auf Fourier-Reihen beruhenden Naherungsmethode von Med- 
gyessy in der Praxis zu priifen. Zu diesem Zweck liessen -wir von der spektro- 
skopischen Abteilung des Zentralforschungsinstitutes fiir Physik in Budapest 
zwei Spektrogramme des Fe-Bogenlichtes aufnehmen mit 20,000 bzw. 200,000- 
stel Auflésungsvermigen. Wir analysierten das Spektrogramm, aufgenommen 
mit kleinem Aufliésungsvermégen, mit der obigen Methode und verglichen 


unsere Resultate mit dem Spektrogramm, das mit grossem Ausfliésungsvermégen 
aufgenommen worden war. 
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Wir verfiigten also iiber die experimentell gefundene Kurve der ce analy- 


_sierenden Funktion. Von dieser Kurve analysierten wir jene 3 Abschnitte, deren 


Aufarbeitung am lehrreichsten war. Diese Abschnitte sind durch kontinuierliche 
Kurven in den Figuren la, 2a, und 3a dargestellt. 

Bei dem ersten Abschnitt wollten wir untersuchen, ob mittels der Analyse 
jene 4 Maxima errechnet werden kénnen, welche dem mit «a» bezeichneten 
scharfen Maximum folgen, bei der Aufarbeitung des 2. und 3. Abschnittes interes- 
sierte uns besonders, ob das Verfahren jene 2 Maxima, welche zwischen dem mit 
«b» und «c» bezeichneten scharfen Maxima liegen, bzw. jenes Maximum, wel- 
ches zwischen den mit «d» und «f» bezeichneten Maxima liegt, aufweisen kann. 

Unsere erste Aufgabe war es, den analytischen Ausdruck der Funktionen 
aufzuschreiben, welche die einzelnen Abschnitte der Kurve darstellen und zwar 
der Naherungsmethode gemiss in Fourier-Reihen. Die Fourier-Koeffizienten 
wurden mit dem Analysator von Mader-Ott bestimmt. In allen drei Fallen waren 
die héheren Koeffizienten kleiner als der Fehler des Apparates, darum geniigte 
es, 33 Fourier-Koeffizienten zu bestimmen. 


I II Ill 
Bec Pecans VRE, Re hos 5 3,12 2,94 4,07 
vb, lo cade ea am eae — 0,34 — 0,51 0,27 
De i dcr A> —~1.19 — 1p — 0,99 
NN ses inst ly isis 0,68 1,35 0,36 
eae RE OS = 3,93 — 0,82 hi 
2 Pe ee pe ng — 1,04 0,78 557 
i, 8, ee 1,05 1,61 oF OL 
rid ihe) Se ee ie ae 0,42 = 1.50 1,26 
Fe SS 2,04 — 0,32 — 0,78 
i Le a ie re — 0,08 0,46 0,90 
Ce ee ae — 404 — 0,45 0,68 
1 a ye ory i gee ae — 0,43 0,37 1,03 
Ose Ny Gel ste\ sk Ieee Mage — 1,08 — 0,27 0,06 
at, A (Gara i. Sane 0,29 — 0,64 —0,75 
TERM COP 0,64 0,11 0,11 
ele SNe aay Seen 0.49 — 0,08 — 0,53 
Via igh Sey Sie ee 0,53 — 0,13 =e 
FU anhe aaadeke? Eee — 0,61 0,04 0,19 
OS ee ae — 0,54 =0,13 0,25 
CR ke GaN en eat: Ae 6,— 0,08 — 0,06 
yet ae lg a ee ee — 0,15 — 0,09 0,08 
Sia Tees. 0,41 — 0,08 — 0,15 
TS Gall, DRE ae sea 0,17 0,10 Simi: 
Oe ae ein ea 0,11 — 0,05 0,07 
2 a ee ee ah17 0,02 — 0,05 
a oe aa AY ea 0,01 0,01 
ye! So kek 2 a — 0,02 = 0,07 — 0,01 
OF ceca Gea ee 0,02 0,06 0,08 
Ae Lee ee 0,13 — 0,02 — 0,01 
retell RRR Li gee 0,07 — 0,01 — 0,01 
ET ete ae at — 0,09 ie i. 
Wt eer aie a a ae — 0,13 — 0,04 0,01 
2 ps RO nie ¢ eee — 0,07 0,01 0,05 
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Bei dem Ubergang von Q, nach R, wahlten wir fiir den Streuabklingungs- 
parameter den Wert 2 = 0,447 (A? = 0,2). Dieser bewahrte sich nicht gut, 
- weil sich in f*(x) sehr grosse negative Komponenten ergaben. Dann rechneten 
wir mit 4 = 0,316 (A? = 0,1). Die punktierte Kurve der Figuren la, 2a, 
und 3a zeigt das Resultat der Synthese. 
Um die theoretischen Resultate besser mit den experimentellen Daten 
vergleichen zu kénnen, zeichneten wir in den Figuren lb, 2b und 3b die 
durch Analyse gewonnene Kurve mit einer punktierten Linie und das mit gros- 
sem Auflésungsvermégen aufgenommene Spektrum mit einer kontinuierlichen 
Linie ein. Aus dem Vergleich dieser Kurven kann man sehen, dass im Inneren 
des Intervalls die analysierte Kurve alle jene Komponenten enthalt, welche in 
dem Spektrum, das mit grossem Auflésungsvermégen aufgenommen war, vor- 
kommen, die Analyse mit Hilfe der Naherungsmethode von Medgyessy konnte 
also alle Komponenten ausweisen, die uns interessierten. Die Stellen der Maxima 
der analysierten Kurve im Inneren des Intervalls stimmen ebenfalls genau mit 
den Stellen des Spektrums, aufgenommen mit grossem Auflésungsvermégen 
iiberein. An den Grenzen des Intervalls ist die Ubereinstimmung nicht mehr so 
genau; die Abweichung erklart sich dadurch, dass man f(x) an den Grenzen des 
Intervalls, den Bedingungen der Naherungsmethode gemass, praktisch zu Null 
abgerundet hat, obwohl doch f(x) an diesen Stellen gewisse kleine Werte hat. 
Das gute Ubereinstimmen der Stellen’ der Maxima unserer Kurven verleiht 


a 


Nee nin cial: Wi pubs act ee 


Da man in der Entwicklung in Fourier-Reihen bei der Bestimmung der a 
Koeffisienten nur endliche, und zwar M Glieder, beachtet hat, wurde f*(x) 
auch mur in einer gewissen N&herung erhalten, fiir diesen Fehler rats Medgyessy 
die folgende Formel an : 


Na 


wo 


= iis Pa) 


yas 


Die numerischen Werte fiir die einzelnen Kurvenabschnitte sind die folgenden, 
unabhangig von der Stelle: 


| A,} <— 1,05 | 4, |< 1.31 | 4, < 0,99. 


Durch Vergrisserung von M Kann man den Fehler weiter herabmindern. 

Nach einer Priifung unserer Resultate kann man also feststellen, dass 
schon das einmalige Anwenden der Naherungsmethode von Medgyessy mit gut 
gewahlten Streuabklingungsparametern zu qualitativen (Anzahl der Streifen) 
und quantitativen (Wellenkinge) Bestimmungen gleicherweise geeignet ist ; 
auf Grand der allgemeinen Theorie der Methode bemerken wir hier nur, dass 
man zur Bestimmung der Intensitét das Verfahren in der Weise wiederholen 
muss, dass man die am meisten herausragende Komponente von der analysier- 
ten Kurve graphisch subtrahiert und am Rest die Analyse wiederum ausfihrt, 
bis alle Komponenten verzerrungslos erscheinen. Die Gaussche Analyse des 
Spektrums, das bei Keineren Auflisungsvermégen des Apparates aufgenommen 
wird, gibt also im grossen und ganzen dasselbe Resultat wie der Apparat bei 


grisserem Auflisungsvermigen. Dieser Gedanke wurde zuerst von Medgyessy 
auf gew orfen. 
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besser any dls dio-vot Gauss. Die Streuabklingungsmethode Gan ae : 


h den Untersuchungen von Medgyessy auch hier angewendet werden. . 
_ Das Verfahren beruht auf der Kenntnis des mathematischen Ausdruckes 
Intensitatsverteilung. Eine weitere Verbesserung der Methode kann man also 
r dann erwarten, wenn die mathematische Gestalt der Intensititsvertedung 
enauer bestimmt wird. 

- Das Verfahren kann schnell nur mit mathematischen Maschinen ausge- 
fart werden. 

aa Ich danke auch an dieser Stelle aufrichtig Dozenten J. Horvéth, der mich 

_ auf das vorliegende Problem aufmerksam machte und mich beriet. Er ermig- 

_ lichte die Zusammenarbeit mit dem Institut fiir Angewandte Mathematik und 
dem Zentralforschungsinstitut fiir Physik, diesen sei auch hier mein Dank aus- 
gesprochen, insbesondere fiir die Zurverfiigungstellung des harmonischen Analy- 
sators. Ich danke ferner P. Medgyessy fiir seine lehrreichen Hinweise, T'. Mdtrai 

fiir die Aufnahme der Spektren, J. Dombi fiir das Registrieren der Spektren 

und J. Gyulai fiir die Hilfe bei den numerischen Rechnungen. 
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By the aid of the scalar representation of the electromagnetic field we construct a 


_ statistical ensemble which describes the statistical behaviour of photons. Following D. Bohm’s 
_ interpretation of quantummech.:nics we show that here also the motion of a single photon 
is affected by quantummechanical forces. Finally we call attention to some difficulties of 


this interpretation. 


| The electromagnetic field free from charges and currents is fully charac- 
terized by a vector potential which satisfies the homogeneous wave equation 
{} 2% = 0 and also the condition div 2 = 0. H. S. Green and E. Wolf [1] 
constructed from a complex scalar wave function V from which inversely 
the vector potential can be determined. The field equation expressed by V is 


pare 0: (1) 


After substituting V (x,t) = a (x, t) geen) (a, ® real), we canreadily verify that 
the equations for a and ® are : 


SON CEI 5 (2a) 
2 a a ; 
a \ 
ss [lo =| 201 (2b) 
Ox; Ox; 


With the help of these equations we can 

a) construct a relativistic but classical statistical ensemble, the motion 
of which is described by (2), as was done by K. Novobdtzky [2], [3] and T. Taka- 
bayasi [4], [5] for the case of the Schrédinger and Schrédinger— Gordon equa- 
tions, and 

b) interpret the motion of a single photon as being guided by quantum- 
mechanical forces in the sense of D. Bohm’s interpretation [6], [7], which origi- 
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The latter equation can be regarded : as the equation of continuity. ‘Thus we get 


“ 


aa = 0) Ui, 
OX} 


where @p is the density i in the rest system, wu; the four-velocity aad a= const 


After s10aNe and salma equ. (3) we get, using the identity a uy = — cP: 


Introducing the notation 


m == |/-E : (4) a 
ey) a as 
we get 

0, = a.a7m,. (5) 


The numerical value of « can be determined by normalization, its dimension 
from the dimensions of a, mp and ¢y. Substituting now (5) into (3) we get 


uy = ———. (6) 
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(7) having the form of a Hamilton—Jacobi equation for a particle with the 
rest mass my. Thus interpreting m, as a real rest mass, we get ;- dividing equ. 
(5) by mp, the probability density function for a particle : 


ee Fa. (8) 


Writing the first characteristic equation of equ. (7) in the following form : 


Pi = Mm, ui = — (9) 


MSA ee a 
and eliminating from the second one the Sonne eet the equation of motion as: 


Xi 
' 
dpi re) Aria 
oi == he |} - a (10) 
i Ox; a 
In the stationary case, where p = % (%1, %, %3) — 6x, and =0 we get 
in particular y 


E = — ie py = ico, 


where E is the (constant) energy of the particle. 

Equations (2b’) and (7) allow us to discuss the motion of the photons 
mutatis mutandis using the interpretation of Bohm. According to th's inter- 
pretation and to the above equations we can attribute the following characteristic 
features to a photon. 

1. The real rest mass of a photon equals 0. 


2. The quantummechanical potential U (x, t) = ie / whe , Which can 
a 


be determined from the field equations by means of suitable initial and boundary 
conditions, produces according to the equation U = mjc? a space-time depen- 
dent quantummechanical rest mass. (The expression «quantummechanical» 
means that the respective quantity vanishes for 4 — 0,) 

3. The motion of the photon is described by a usual relativistic equation 
of motion for a point particle. The force acting on the photon can be determined 
from the quantummechanical potential. 

4. The initial four-momentum of a photon in a space-time point %) cannot 

: : aero lk Op 
be chosen arbitrarily ; it is pj = oe 
to equ. (10), arrives in the point *, its four-momentum will be pi = 


. If this photon, moving according 
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constitute the main features of the mechanics of photons. The double meaning 
of a (x, t) (square root of probability density and quantummechanical potential) 
is acceptable as well under certain conditions (see in [8]). Under the assumption 
of quantummechanical forces we obtain a statistical theory which has the 
character of a classical one. 

We illustrate our interpretation on two Cases. 


a 
a) Circular polarized plane wave. A, = 0, Ay = Ay cos @ B = ‘, Ay—= Ag 


Cc 


sin @ Pe = i By the help of the transformation described in’ paper [1 ] we get: 
c 
i@ (= —t x 
(42) = Ape.” , from which a= Ay, y = how i ~t), We see from equ. 
. c é 
(4) that the «generated» rest mass is zero. The components of the impulse are 
Aw 


px =-—, Py = p: = 0, the energy E = Aw, wherever the photon is. The four- 
) 


velocity is co; the photon moves with light velocity in the direction of the 
positive x axis. The probability of finding the photon is the same everywhere. 

b) Diffraction problem. Instead of transforming the exact solution of 
thé problem obtained from Maxwell’s equations into complex form, we treat 
this phenomenon in a more simple way. We directly determine the solution 
of equ. (1) with suitable boundary conditions as superposition of circular polarized 
plane waves. We use a simple approximation taken from [9] p. 6. According 
to this solution we get for a diffraction caused by a circular slit of radius about 
a. (¢ => A) which stands perpendicular to the x axis : 


Vana fe = i® (x, o,f) 
V(x; 0,t) == G44,0) €S satan 
where 
a As at w? 2 a? w? o? ( 
OS aS oe ON ——— E 
watt 4c x2 w2 at + A¢2 x2 | 
26%, a) 2 cwo? x 
® = — are tg i x + —_—__— ~— wt. 
oo c mat + 4c? x? 


Here x and 9 are cylindrical coordinates having their origin in the middle of 
the slit. After simple calculation we get P+9 ; that is, the quantummechanical 
potential U = 0 diverts the photons from their original paths along the x axis. 

We want now to call attention to some difficulties of the above picture 
on account of which the former formalism is hardly acceptable as a full descrip- 
tion of the relevant phenomena, even if the solution of the wave-corpuscle 


problem is such as Bohm proposed. Above all we note that from our equations 
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_We cannot infer directly the existence of the spin. In the first case we discussed 


above e. g. the stream is laminar, i. e. there is no circulation. It seems that 
the fact that the momentum for a linear polarized wave vanishes is connected 
as well with the difficulty concerning the spin. The medel cannot distinguish 

a. to the spin, it dis- 
tinguishes them according to the momentum. The «vanishing» of the spin in 
this model certainly does not follow from the transformation of the field equations 
to complex form. P. Romén [10] proved namely that by means of second 
quantization the existence of the spin follows from the complex field equations 
too.! 


ja 


The above interpretation is reasonable only in the case 


<0 [see equ. 


(4)]. The problem of the imaginary rest mass occurs in the analogous inter- 
pretation of the Schrédinger—Gordon equation as well. (See [5], p. 199.) There- 
fore it is not a problem relating to photons only. 


Finally we note that equ. (2) allows us to interpret the mechanien of 
photons also hydrodynamically. 
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KBAHTOBO-MEXAHHUECKHE CHJIbI TEACTBYIOLUNME HA ®OTOHDI 
K. HAb 
Pestwme 
Ucnonp3yA cKansapHoe mpescraBeHue 91eKTpOMarHUTHOrO MOA aBTOPOM ObUL 
HOcTpoeH cTaTHcTHYeCKHii aHcaMO.Ib, KOTOPbIii OMMCbIBaeT CTATHCTHYeCKOe MOBELeHHEe PoTo- 
HOB. CueyA MHTepliperauMn KBHATOBOH MexaHuKu m0 JI. Bomy, BuAHO, TO KBaHTOBO-Mexa- 


HHUeCKHE CHIIbI 34CCb TOKE OKa3bIBAIOT BAMAHHe Ha JBUIKeHHe OTOHA. Hakoneu, aBTop 
oOpamlaer BHHAMaHHe Ha HeKOTOPHIe TpyAHOCTH 9TOH MHTeplperaunn. 


1 [ would like to thank G. Marx for drawing my attention to this fact. 
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The addition and multiplication axioms of probability calculations are deduced from a 
number of qualitative assumptions about the way of composition of independent and of ex- 
cluding events. It is shown that from these assumptions a somewhat generalized addition and 
multiplication rule can be derived. It turns out, however, that this generalization corresponds 
only to a possible deformation of scale of probability and thus the generalized scheme does not 
lead to any results differing from those obtained in the usual way. Furthermore, the ordinary 
addition and multiplication rules are contained as specialized cases of a more generalized scheme. 


§ 1. In the following we start from the conception of probability as a 
physical quantity like e. g. temperature, energy etc. Ina purely qualitative man- 


ner there exists a conception of probability : To say something is «very likely» 


or «very unlikely» has a good meaning. We investigate in the following how it is 
possible, when starting from this purely qualitative conception of probability, 
to arrive at the quantitative use of probability and the well-known formalism 
of probability theory. The problem is somewhat analogous to the following : 
All investigations of temperature and in the end all thermodynamics took their 
origin from the fact that one can distinguish between hot and cold. The scientific 
analysis starting from the purely qualitative distinction between hot and cold 
gradually led to the discovery of the absolute scale of temperature — thus the 
scientific analysis succeeded in finding out the objective factor behind the quali- 
tative concepts. 

§ 2. Considering problems of probability, 1 wish to emphasize that in the end 
we are interested only in very small or very large probabilities. We are interested 
only in finding out either that a given event is so unlikely that we can safely 
count on it not to happen — or we are interested in establishing that certain other 
events have such a high probability to happen, that for all practical purposes we 
can assume them to be certain. This can be illustrated by examples from all fields 
where probability calculations are applied : We take as an example the result of 
a measurement and its error limit. Obtaining a numerical value x as a result of 
measurement we are interested in the size of the error 4x of the measurement. 
Thus we are essentially interested in the question, how large Ax must be chosen, 
so that it is practically certain that the error of measurement is less than 4 x, 
thus that the real value of the measured quantity is inside an interval x + Ax, 
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So as to avoid misconceptions from the beginning, we make two remarks. 


1. Often one gives as the error of a quantity its standard deviation Ox. 


In that case the probability for the error to exceed 5x is by no means small. 
However, in the latter case the probability that the error exceeds 36x is small : 
if we want to be on the safe side, we can choose as limits of error 46x or even 56x. 
The probability of the actual error exceeding the latter limits is very small. When 
we give the standard deviation of a measured quantity we follow a convention and 
imply that the error is very likely less than say 46x. The convention of giving 6x 
and not say 46x as the standard error, has, of course, its good justification as 
the quantity 6x itself plays an important role in the theory of probabilities. 

2. We meet statements of the kind that an event has a probability of say 
30%. 30% is neither a very small nor a very large probability and thus this seems 
to contradict our statement at the beginning that we are as a rule interested in 
very small or large probabilities only. However, if we analyse the statement 
further, we see that in effect the statement of 30% probability implies also a 
statement of extreme probability in the following manner. In the case of one 
event only the fact that this event happens with 30% probability is of little 
interest. What is of interest is simply this. If we repeat the circumstances of the 
event very often, say N times, then the number of cases where the event will 
take place is almost certain to be near n ~ 0,3 N; similarly one can for practical 
purposes safely exclude the possibility that the number of events deviates much 
from 0,3 N. This means that the statement of 30% probability ultimately refers 
to certain events which have very high probability (i. e. n ~ 0,3 N) and to other 
cases with very low probability (i. e. |n — 0,3 N| > 1). 

We have given the above example merely as illustration, so as to emphasize 
our statement about extreme probabilities. The relation n ~ 0,3 N or the corres- 
ponding more general one n ~ pN (p probability) shall not be taken for granted 
in the following considerations, we shall obtain this relation as a result of our 
analysis. 

§ 3. So as to be able to express ourselves conveniently, we shall make use 
of the following terms. Considering certain types of events, we say that they form 
a probability field. We use the term in the usual sense. E. g. suppose as events 
the numbers of counts obtained by a Geiger-Miller counting arrangement during 
a period of t seconds. For a fixed t the number may be 0, 1, 2,..., & (where k 
is the maximum number the arrangement can count during the time t). Thus our 
probability field contains k + 1 points, representing the possible events. 

We shall use the following expression : We expose the field, i. e. we switch 
on the apparatus for a time t. As the result of the exposition of the field we get 
one of the possible events, i. e. one of the points of the field. We ascribe proba- 
bilities p(n), n = 0, 1, 2,...,k to the various points of the field. This means 
that in case of an exposition of the field the result n is obtained with a proba- 
bility p(n). The probabilities are for the time being introduced in a purely quali- 
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‘tative manner. We say that if p(n) ~ 0, then it is very unlikely that the event n 


happens as the result of the exposition. Further we assume that the more likely 
a result the larger the numerical value of its probability, and for an event which 
nearly necessarily occurs as the results of an exposition, the probability SPPYOs 
ches some limiting value M. 

§4. Exclusive events. To proceed further, we have to classify events. For 
our purpose it is important to consider exclusive events. We call two events 
contained in the same probability field exclusive, if an exposition of the field 
can lead only to one event or to the other, but not to both. To go back to our 
example of counting apparatus, the events where the apparatus has counted 
during a given interval a specified number of times, are exclusive events. If 


-k, # ky,.then the apparatus, when switched on, may count k, or it may count 


k,; but, if it counts k,, then it certainly does not count (during the same 
exposition) k, — and vice versa. It is seen that for events to be exclusive it is 
of importance to specify them properly. If we were to take as one event that 
the apparatus has counted anything between 0 and 9, as another event that 
the apparatus has counted anything between 5—14, then the events thus spe- 
cified are not exclusive, although we can from the same material also specify 
exclusive events by taking each number of counts as an event, or by specifying 
non-overlapping groups as events. 

Independent events. Independent events are non-exclusive and in such a 
way that the happening of the one event does by no means prejudice the happen- 
ing or not happening of the other event. Events are independent if there is no 
causal connection between them. It must be emphasized, however, that there is 
no formal way of éstablishing for certain that two types of events are indepen- 
dent. Firstly, absolutely independent events hardly exist, thus describing two 
events as independent we always idealize to some extent. This idealization is, 
however, necessary. Any successful application of the theory of probability 
depends on the good idealization of the material. This, by the way, is correct 
not only for the theory of probability but also for the application of any theory to 
natural events. | 

As an important example for independent events we mention the following. 
We can take the exposition of our counting apparatus (mentioned above) as an 
event, and we may specify the event by the number of counts obtained. Thus 
we take as an event the switching on of our apparatus for a time t. Switching 
on the apparatus several tines in succession, we get different events in as much 
as we obtain different counts. These events can be taken, in a good approxi- 
mation, as independent events. — More generally the subsequent exposures of a 
probability field can be taken as events of a more general field and often these 
events can be assumed to be independent ones. 

§ 5. Consider a probability field ; the events contained in the field should 
be exclusive. Denote the elements of the field with a, b, c,..., the corresponding 
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probabilities by p, q, r,...- We can modify the field by changing the classifi- 
cation of the events. Denoting e. g. by A the event which consists in either the 
event a or the event b, we have a new field containing A,c;...; the probability 
of A may be denoted P. The latter probability must necessarily be a function 
of the probabilities p and q, thus we may write 


P = f(p, q)- (1) 


Thus P is the probability that an exposition of the original field leads either to 
a or to b. P is also the probability that the modified field in which a and b are 
joined to the event A, gives the event A as the result of exposure. 

We investigate the function f(p, q). We can postulate the following pro- 
perties of this function : 


S(P, 1) = f(q P)- (2) 


This relation expresses the fact that no importance can be attached to the order 
of the events a, b. 

Further, if one of the events a, b, say b, cannot occur at all, then we have 
q = 0, and the probability of A is the same as that of a. Thus we may put 


S(p, 9) = p- (3) 


We may further assume that A is the more likely, the more likely its com- 
ponents a and 6 are, thus we can postulate 


f(p, q) increases monotonously and is continuous in p and q. - (4) 


We can give another important property of the function f by considering three 
exclusive events of the field. Denote the event in which a, b or ¢ happens A, and 
the corresponding probability P. We have at least two possible ways to arrive at 
the probability P. 

1. We modify the original probability field by joining the three events 
a, b, c to one event A, thus the event A of the new field happens, whenever a or b 
or c of the original field happen. The probability P is some function of p, q, r, 
we may write say 


P— F(p,q,7), (5) 


where, as before 


F(p, q, r) = symmetric in p, q, r. (6) 


2. We can arrive at the field 4,... also in two steps. As the first step we 
join a, b—> A and arrive at the field A,c.... As a second step we join A, c to 
A and thus arrive at the final field A,.... The probability for A or c to happen 


is obtained according to (1) as 


P = f(P, 1), (7) 


4 Pais a)— (10) give all pre nerics of he function f(p,q) which can be derived | 
on general grounds. In particular, considering groups of more than three events, 


| eee 
r is the Ebebliny fox c to happen. From 


“fie 0 rT) = F (p,q. ek = symmetric in Ae ‘Gur 


- 


ft Fpsg)sr) =f: ah q) = expressions obtained through 
other permutations in p,q,r. (10) 


no Mirther conditions will be imposed on the function f(p, q). 
We note that all the above equations are satisfied by the relation 


fp,.o=p+4, ss De (11) 


but they are also satisfied by the more general relation 


f(p-9 = v *(v(p) + v(Q)), (12)* 


where w(x) is a function with the following properties 
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(0) = 0, p(x) monotonous for 0< x <M 


and y 1(y) the inverse of (x) exists in the interval 


and is also increasing monotonously. Further both (x) and p(y) must be single 


valued. 
§ 6. With slight modifications we can consider independent events in a 


way analogous to that used in the preceeding § 5 for exclusive events. 


‘Thus consider a field of independent events a, b, c, d,.... The probabilities for ~ 


these events to happen can be written p, q, T, S,-- . We may now modify the 


above field by joining the events a, b to A, so ee we say A = a + J, thus we 
consider the event A to have happened if during the same exposition of the field 


* I am indebted to A. Békéssy for drawing my attention to this solution. 
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both a and b happen. The probability P for A to happen can be composed out 
of the probabilities p and q as follows : 


ode g(p.q), p»q independent. (la) 
We have 


8(P> 4) = 8(% P) (2a) 
because of lack of order between the events. Further 


g(p, 0) = 0. (3a) 


The latter condition implies that, if the event b cannot happen, the combined 
event a + b must also be excluded. 
We have also for the g-function the condition 


g(M, p) = p; (3a’) 
the latter condition expresses that provided a is certain to happen, the probabi- 
lity of a + b to happen is equal to the probablity of b to happen. 

In analogy to (4) we can postulate 
g(p.q) increases monotonously with and is continuous in p and q. (4a) 
Further we may consider the event A = a+ b+ c where A happens if 


all the three independent events a, b and c happen during the same exposition. 
Writing for the corresponding probability 


P = G(p, q. r), (5a) 


where, as in the case of the F-function, we must postulate for the G-function 


G(p, q, r) = symmetric in p, q, r, (6a) 


grouping again a + b= A and A + c= A, we have 


P= g(P,7r) (7a) 

with 
P = g(p, q); (8a) 

thus 
g(g(p, q). r) = G(p, q, r) = symmetric in Pp. Qr (9a) 

and 


g(s(Pp. 9), 7) = g(g(r. p), q) = expression obtained through 
other permutations. of p, q, r. (10a) 


SNS EY Bib Sito 1 Ripa din 
4) " ri, 


REMARKS ON THE FOUNDATION OF PROBABILITY CALCULUS : 339 


The equations (1a)—(10a) give all possible restrictions on the g-function. All the 
conditions are compatible with the following 


ee 


(p,q) = Pq (11a) 
with 2 


Mise 1. (1la’) 


The restriction (1la’) is made necessary by the condition (3a’). The conditions 
(1a)—(10a) can also be satisfied by the more general expression 


8(P> 9) = » (¢(P) 7(9)), (12a) 


eo iM), (12a’) 
where (12a’) is made necessary by (3a’). The function g must obey the same 
conditions as those we had to impose on the function yp. 

§ 7. We have to consider the connection between the functions f and g. 
For this purpose it is necessary to consider the combination of exclusive events 
and independent events. Thus consider a field which contains among others 
the events a, b, y,..., suppose that a and 6 are exclusive and that both a and b 
are independent of -y. The corresponding probabilities may be denoted p, q, 0. 
We consider now the probability that an event 


A = (a,b)+ y (13) 


occurs ; the event A consists in either a of b happening and also y happening. 
Thus we may write for A instead of (13) also 


A=(a+y, b+ y) 8 (14) 


where (14) expresses the fact that A consists of either the event a + yi. e. @ 
happening and y happening, or alternatively of b + + i. e. 6 happening and y 
happening. Denoting the probability for 4 to happen by Q, we have 


Q = h(p, q, ¢), 


where the function h can be expressed in terms of f and g. Indeed, if we regard 
A as composed out of a, b, -y according to (13), we have the probability for the 


event A = a, b to happen 


P= f(p. 9), 


Ee where Q, is the Povauiney for he event Gee =a+y¥to peste. 0s the | proh a- 


ae have thus for the probability that either Bs ov B, happens 


=a. Qe = ala, 
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_ bility for the event B, = b + y to happen. Since B, and B, are exclusive eve ents, 


Comparing (15) and (16) we get a condition connecting f and g, uamely : 


2 f(p, 9)» @) Siri 0). 8(q- ©))- 7 | (17) 


§ 8. The condition (17) is compatible with the oadicus (1)—(10) and 


ae 


O = fle(p. 0). 84 a | | as) 


(la)—-(10a) as can easily be seen. If we were to choose f and g according to (11) . 


and (11a) together with (1la’), (17) would automatically be fulfilled. If we take 


the more general forms of f and g as given by (12), (12a) and (12a’), (17) is 
fulfilled if 


p(x) = p(x); ONe<M. (18) 
§ 9. Summarizing, we find thus, if p and q are the probabilities of two 


exclusive events a, b, and if further P is the probability for one of the events to 
happen. we are led to suppose that P is given by 


P=» "(p(p)+@).- (19) 


Further, if a, b are not exclusive but independent events, the probability of both 
events to happen is 


P=y (y(p) (@)| ? (20) 
with 


yp (M)=1,..° (21) 


ee 
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where p ~ 0 expresses unlikely events, p ~ M expresses almost certain events. 
The function y is monotonous and continuous, obeying, apart from (21) 


p (0) = 0, p (Pi) < v (Pe) It oe gle Ps, (22) 


The equations (19), (20), (21) and (22) are obtained from a number of qualitative 
; postulates about probabilities of groups of events; these postulates are dealt 
___-with in § 5, 6 and.7. The considerations in § 5, 6 and 7 do not lead directly to 
(19), (20), (21) and (22), but to a number of conditions which are all fulfilled if we 


é postulate those equations ; I have the impression that the latter equations give 
2 also the most general relation satisfving the conditions imposed on probabilities.* 
r The particular assumption 

aa | p(p) = P (23) 


4 leads to the usual laws of addition and multiplication of probabilities, so far 
there appears, however, no necessity to specialize in this way. 
§ 10. Let us generalize equations (19), (20) for the case of more than two 


events. 
- Suppose thus that the events aj, dy, a3, . . ., a, are all exclusive and appear 


with probabilities p,, py, ps, - - -, Px 
The probability P,, that either a, or a, happens, is given by 


Pye = py ((p (Pi) + (p2) , Coe 


We call the corresponding event the event A,,. The probability P,., that either 
a, or a, or a; happens, is thus the same as the probability that either 4,, happens 


or that a, happens, thus we have 


Prog = Y_y ( p (Pys) + p (ps) | > (25) 


but according to (26) we have 


yp (Pix) = p (Pi) + ~ (Po): 


* The problem of functional equation of the type used above was dealt with in detail 
by J. Aczé. [1]. In a paper published in the same issue of this journal [2 ] Aczél has shown that 
the above impression is indeed correct, provided we assume the functions y and y to be strictly 
monotonous and continuous. Furthermore, it is shown that not all the conditions imposed 
upon f and g are necessary. It is e. g. possible to drop some of the conditions imposed upon the 
probabilities of the independent events without affecting the result. 


~ , ~ 


Pere pase x is that event, where one of the exclusive events a, Pa : sre 
happens. 

Ina paraglevely here manner we can get expressions for the one } 
bility for many independent events to happen simultaneously. Consider thus 
events 6,, by, ..., 6; which are independent and denote the Babel pro-— 
babilities by q,, qo. - - +» Ys then we have 


Qio = py (v (q1) » (q2)) > \ (28) 


™~ . 


where Q, is the probability of the event By, = b, + bg, i. e. Qyy is the probability 
of b; and 6, happening at the same exposure. Further we have 


Qies = Ya | p (Qis) p (qs) > 


she Q,23 is the probability for the event By, = b, + b, +- bs to happen. From 
(28) we get 


py (Qi) = yp (q1) yp (qo); ° 
thus we have 


Qyos3 = Ya ( P (1) Y (42) p (4s) . 


We find further for k events 


Oia [TE » (a0). (29) 


l= 


where Qj.3,« is the probability for the event Byo,_ , = b, + bo +... by to 
happen ; i. e. Qio3,_ x is the probability for all the k events by, bg, . . . b, to happen 


at the same exposure. 
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We give a further relation. Consider an alternative. i. e. two exclusive events 
a, a, one of which is bound to happen at the exposition. The probabilities for a to 
happen may be denoted by p, the probability for @ to happen(which is the same as 


_ the probability for a not to happen) may be denoted by p. As one of the events is 


bound to happen, the probability for a or @ to happen is the maximum proba- 
bility M. Thus 


M =» 4(p(p) + » (P)| 


Applying the function » on both sides of the above equation, we find with help 
of (21) ; 


v(pP)=1—y(p) or p= a(1— v(p)). (30) 


, § 11. We apply now the above formulae to find the probability in our 
formalism for the following : Consider a field a, b, c, ... of exclusive events with 
corresponding probabilities p, q, r,.... At each exposition of the field we get 
one of the events of the field. Consider now N > | expositions of the field and 
suppose that these expositions are independent events. Let us determine the 
probability that out of the N exposures k give the event a and the remaining 
N — k expositions give different events. Thus we derive the analogon to the 
Bernouilli distribution in our modified formalism. 

The probability of finding a at one particular exposition is p. According to 
(29) the probability of getting a k-times subsequently in k expositions is 


pe = va ( [y(p)]") - 


The probability of getting N — k times a result different from ain N — k sub- 
sequent expositions is obtained from (29) and (30) as 


ee (eet ad 


and the probability for finding a in k specified expositions. out of a total of N 
is thus 


Pr n—k = Pa [ w (Py Ten ==} | [p (Pp) ie [1 — (p) i . (32) 


We regard now in the following as one event N subsequent expositions. For sake 
of distinction we call such an event an «N-fold event». The N-fold event is 
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characterized by the results of the N expositions of the field. We regard now 
all those N-fold events which contain exactly k-times the result a. There are 


fa such N-fold events; the probability connected with each of these N-fold 
events is the same, namely P;, yn, ; further these events are exclusive, thus the 
probability that any of the (7) events, each containing exactly k times the event 


a, occurs, is according to (27) 


Py (k) == Ven (2) yp (Ps, x-)| 


and introducing P,, n_, from (32) we have 


(33) 


Py (b) = va((f) tv (Pd 1 — wl) 


Equation (33) is very similar in form to the Bernouilli distribution. 
§ 12. To analyse (33) we determine the most probable value of k for fixed 
N and p. As both y and w_, increase monotonously with their argument, we find 


in the usual way 


Py (k) = maximum for k = ky 
with 
= [N y(p)]. (34) 


(The bracket [x] denotes the largest integer less than x.) For large values of N 
we may write 


ky ~ Np (p). 


Further we determine the probability Py(k,, k,) to find the number of 
exposures Jeading to k, k being inside the interval k,, ky (k, < ky). So as to get k 
exposures leading to a with k, < k < ky we can regard the N-fold events corres- 
ponding to different k-values in the specified interval as exclusive ones, thus 
we may write according to (27) 


Py (ky, ke) = p_i 


> v (Pr «))| : (35) 


ky <k <ky 


and with help of (33) we find 


Py (hy, ks) = p | pi yy [v (p)}* [1 — vey]. (36) 


K<k< 
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1 if the interval k,, ky is not too narrow, and contains 


a ae (ky, ky eo ky in the middle; | ioe dal (37) 


0 if k,, ky does not contain ky and is not too near ky. 


We may thus write for (36) 
’ “— 


Py (Ray fs) = va (Sy cp) (brv'ba)) 
and thus we find 
Ths paler eae a 3 
Py, (ky, ke) 0 i conditions as in (37). - (38) 


a 
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‘We can express our result thus: Among NV exposures we shall almost certainly 


find k expositions leading to the event a, where k is a number in the vicinity 
of N :(p). As in the ordinary treatment we can show e. g. that with i pea Cat N 
the probability tends towards zero for k to fall outside : 


N(v(p) + e) . 


where ¢ is an arbitrarily small quantity. 

§ 13. We are now in a position to introduce the ordinary rules of proba- 
bility calculation. We saw that from purely qualitative assumptions, which 
‘themselves are nearly trivial, we could derive the result that repeating an expo- 
sure a very large number N of times, an event a of the exposed field will nearly 


certainly appear about 


k~ Ny(p) (39) 


times ; Nis the number of repetitions and p the qualitatively defined probability 
of the single event. The important feature of chis result is that it shows 


k oo N for large N. 
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Thus, without having introduced any quantitative definition of the probability, 
we could show by the purely qualitative considerations that the number of 
events leading to a increases about proportional to N. Expressing this result 


more precisely we say that the ratio 


with increasing N has a tendency to approach a constant value. ky is the actual 
number of results leading to a. This «tendency» can be formulated in different 
ways, e. g. by saying that for any arbitrarily smal] ¢ > 0 the relation 


|Py —Pm|<eé 


is almost certainly fulfilled for fixed N and M provided 1 < N <M. 
Of course, we have to treat the above equation carefully, if we determine 
successively differences 


Py —Py, ts 1 PN = Pag. ee ete: 


thus after a sufficiently large number of such determinations, it is almost cer- 
tain that we shall find cases where the difference is not small but large. Therefore 
another formulation of the case is preferable : The value of ky/.N with increasing 
N shows a tendency to fluctuate more and more closely around a fixed value. 
This fluctuation is of course such chat auy of the actual values in the series may 
deviate even by large amounts from the fixed value around which the fluctuation 
is taking place. However, the larger N the smaller the probability of a large 
deviation — and for a sufficiently large valie of N we can for practical purposes 
take ky/N as a good approximation of y(p) the value around which the ratio 
fluctuates. The risk involved in putting 


y (p) ~kn/N 


for sufficiently large N is exactly of the same type as the risk generally involved 
when relying on the results of any physical measurement. 

§ 14. So far we could not fix the function »(p) itself. From the foregoing 
considerations it appears that all essential results of probability theory can be 
obtained without specifying y(p), in fact the results are completely independent 
of the actual choice of y(p) as we have shown in the case of the Bernouilli distri- 
bution. It is therefore admissible and at the same time useful to make the simplest 
choice of p(p), compatible with the conditions imposed in § 5, namely 


v(p) = p(p)=p and M=1. (40) 
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(M = 1 follows necessarily from the choice of p(p) since y(M) = 1 according 
to (21).) - 


Assuming (40), we have 


pw~ky/N (41) 
or 


k ~ pN. 


The latter relations must by no means be regarded as definition of probability. 
We have shown from purely qualitative considerations, without assuming any- 
thing of the kind of equation (41), that the right hand side of (41) fluctuates 
around a fixed value, the latter being a monotonous function of the probability p. 
By postulating (40) we do nothing else but fix quantitatively the scale of proba- 
bilities. We may express this also in the following manner. 

From general considerations, without introducing any quantitative scale 
for probabilities we come to the conclusion that the number of cases ky is about 
proportional to N («about» is to be understood as explained further above). 
ky will be in general the larger, the larger the probability p of the event a. 
We are free to postulate that the proportionality constant is equal to the pro- 
bability. This postulate merely fixes the quantitative scale of probabilities, 
without effecting any essential result of the theory. 

Thus postulating in this sense (40), we have 


P= > Pk instead of P= w_, (Sv (p,)| ’ 


Ga J] a. .« « Q=vil(TT vl). 


thus we get the ordinary rules of probability calculation. 

§ 15. The above considerations were inspired by a paper of Schrédinger 
[3], although our considerations are not identical with those in the latter paper. 

A. Rényi has drawn my attention to the fact that Bernstein, 1917, has given 
considerations somewhat similar to those given here. I was unable to obtain 
Bernstein’s original paper [4], however, judging from Bernstein’s book [5] on 
the theory of probability (Moscow, 1946) Bernstein’s considerations, although 
showing a remarkable similarity to our considerations, are by no means identical. 

We discuss shortly the connection between our considerations explained 
above and the well-known axiomatic system of probability theory given by Kol- 
mogorof. We note first that there is complete agreement between our considera- 
tions and those of Kolmogorof. In fact our considerations complete in a certain 
sense Kolmogorof’s axiomatic theory. While Kolmogorof introduces addition and 
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multiplication of probabilities as axiom connected with properties of sets, we 
give considerations which justify these axioms from purely physical considerat- 
ions, at least in the case of discrete probability distributions. 

To see these connections in some more detail, we sketch very briefly Kolmo- 
yorof’s system and point out the connections. 

Kolmogorof considers a set U, the elements of which may be called elemen- 
tary events. These elementary events can be regarded as what we have descri- 
bed in this article «exposures of a field». Further, a set F' is considered, the ele- 
ments of which are all the sub-sets of U. The properties of F are as follows. 

1. F should contain. U as element, 

2. if A and B are sub-sets of U, then A + Band A: B and also 4 and B, 
should be elements of F, 

3. if A,, Ay, -.-, An, --. are elements of U,then A, + A,g+.-..+ An+... 
and A,* A,+...A,-...should also be elements of F. The elements of F' play 
the role of the statistical events. 

1. If among the elements of the sets A and B are no common elements, 
then we denote the events corresponding to A and B exclusive events. Further, 
we call the U-events certain events, and the [/-events (empty set) excluded 
events. 

To every set A a non-negative number P(A) corresponds and this number is 
called the probability attached to the event A. 

The following axioms are postulated for the probabilities thus obtained : 


3. If A and B are mutually exclusive events, then 
P(A + B) = P(A) + P(B). 


Instead of the above axioms we have in our considerations further above 
the functional relation (12). 

2. If in a series of events we are restricting ourselves to those events A 
which can only occur provided one of the events B has occurred, then we use 
for the events A the symbol A/B. We call the latter kind of events conditional 
events and make to correspond to these conditional events non-negative num- | 
bers P(A/B) which we call conditional probabilities. | 

We consider the series of events belonging to the sets 4A and B and form 
out of the conditional events a new set F. The elements of this new set are those 
events where simultaneously, one event each, of the set A and the set B has 


occurred. We make to correspond again to this latter series of events non-negative 
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numbers denoted by P(A : B). It is easy to show that for two events A and B 
the following relation exists : - 


(4B) = P(B) P(A/B). 
We call the events A and B independent events provided we have 
P(A) = P(A/B). 


In our considerations the above equations are replaced by the equation 
(12a), which appears in a somewhat more general form, but has essentially the 
same contents as Kolmogorof’s relation. 

Tam greatly indebted to L. Pal for discussions and in particular for helping 
to clarify the connection between the contents of the above article and Kolmo- 
gorof’s theory. 

Note added in proof. After the manuscript of the above paper was sub- 
mitted for publication, A. Rényi drew my attention to I. J. Good’s book 
»Probability and the Weighing of Evidence», Charles Griffin & Co., London 
1950. In an Appendix (page 105) J. Good sketches ideas which seem to be 
nearly identical with those worked out in the present paper in some more detail. 
It is interesting that Good refers also to Schrédinger in his Appendix. 
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3AMEYUAHMA OTHOCHIWMECA K OCHOBAM TEOPHH BEPOATHOCTU 
JI. AHOWM 


Pes3wmMme 


AKCHOMBI CJIO)KCHHA UM YMHO)KCHHA TeOpHu BepOATHOCTH ObUIM BbIBeJeHbI M3 HECKOJIb- 
KHX KaueCTBCHHbIxX MIpeANOSIO+KeHHH, CBA3SAHHbIX C H€3ABAUCHMbIMH UW MCKIIIOUAIOWIMMH pyr 
apyra cOObITHAMN. 4 b: 

TlokaxkeM, 4TO H3 9THX MpeANOMOZKeHHH MOLyT ObITb yCTAHOBJICHBI OO00OeHHbIC, JO 
HEKOTOPOH CTeMeHH, TEOPeMbI CIO7KCHHA MW YMHODKCHH 4. OHakO OKa3bIBaeTCA, UTO ITO 0000- 
WeHHe COOTBETCTBYCT JIMUIb OMHOK BO3SMO)KHOH Ae@OpManuN WiKasIbl BEPpOATHOCTeN, U TaKHM 
06pa30M, pesybTATHI, NOMYYeHHHIe Ha OCHOBE OOOOUIEHHOM CXEMbI, HE OTJIMYAIOTCA OT Pe3yIb- 
TAaTOB, TOJIY4CHHbIX OObIMHbIM TyTeM. Hasee, OObIUHBIC TeOPeMbI CJIOWKEHUA WU YMHODKCHU A 
cOMepwKaTCA KaK CIelMasIbHbIe CyyaW OOTee OOUIMX CXEM. 


A Acta Physica TV 4. 


A SOLUTION OF SOME PROBLEMS OF K. BORSUK 
AND L. JANOSSY 
By 
eA C Ze 


MATHEMATICAL INSTITUTE OF THE UNIVERSITY, DEBRECEN 


(Presented by L. Janossy. — Received 29. XII. 1954) 


The aim of the present paper is the determination of those continuous strictly monotonic 


~ and associative operations for which 2 Tam (problem of A. Gruzewski—K. Borsuk), multipli- 


cation or the quasimultiplication y—1 [y(x) y (y)] are distributive, further the determination 
of those éperations which are distributive for aor or the quasi-addition y~* [yp (x) + » (y)]- 


The respective operations are “log (a* +a"), Ver yy slirese w(y)k, cxy,y 1 [ep(x)y(y)]- 
From this we derive that the probability of the occurrence of one of two exclusive events 
resp. of both of two independent events has the form y—! [py (p) + y (q)] resp. py! [p(p) vy (q)] 
as was suggested by Jdnossy in the preceding paper if we suppose only that the probability of 
(A or B) increases continuously with the probabilities of A and B, and the probability of the 
happening of one of three events does not depend on their arragement, further the non-negative 
probability of the simultaneous occur ence of two events does not depend on their order and finally 
the probability of (A or B) and C equal; that of (A andC) or (B and C). On the other hand 
by modifying a theorem of S. Golab we see that the same formulas are valid (the second even for 
not-independent events) if besides this last condition these probability functions are derivable 
(the second with respect to its second variable in a continuous manner) the first being also 
strictly monotonic and if the probability of A or the impossible event resp. of A and the certain 
event (without regard to their order) is equal to the probability of A, and finally the simulta- 
neous occurrence of any event with the impossible event is also impossible. 
Further similar statements are also proved. 


ye 


In his paper[7] appearing in this issue L. Jdnossy suggests in § 9 that 


his postulates for probability : 
0 p.af(p, 9, &(p.9) = MM: 
f(p, 9) =f (% P)> 8 (Pp, 4) = 8 (% P): 
f (ps 9) = p, g (M, p) = P; &(p, 0) = 0 
f (p,q) and g (p,q) continuously increasing with p and q 


fif(p. ad. tl=fipf@ndl=--- 8 l[s(p9.rl=selpsanl]=.-- 


and 


g (f(p.o>rTl =f Ig (p- 7) 8 (@ 7) | 


4* 
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imply 
f(p. 9 =v [v(p) + ¥ (I, (1) 
s(p.g =v fy (p)-¥ @)I- (2) 


(f (p,q) resp. g (p,q) are the probabilities for the occurrence of one of two 
exclusive resp. of both of two independent events with the probabilities p and q:) 
We will show that already a few of these properties are sufficient for the 
characterization of the functions (1) and (2). In §§ 3,5 and 6 we prove three theo- 
rems containing three such systems of postulates. This will be facilitated by inves- 
ligating the more direct questions, as to those operations which are distributive 
with respect to addition and those which are distributive with respect to mul- 
tiplication. An analogous question in regard to operations with respect to which 
addition is distributive was raised by A. Gruzewski and K. Borsuk (oral com- 
munication of K. Borsuk). §§ 2, 4 and 6 contain the answers to these questions. 
Our problems are related to those investigated by M. Hosszu in his paper 
on distributivity [6]. Here we will, however, (besides other special features) 
in theorems 1—5 at most suppose continuity, while Hosszu needs derivability 
for his solution. (Similar problems which are nearer to our special case, though 
also with conditions of derivability were treated by S. Golab [5], see § 6.) 


§ 2 


A. Gruzewski was interested in the question as to which operations F (x, y) 
can be called «pre-additions», in the sense that addition is distributive with 
respect to these operations : 


F(x,y)+2= F(x+2y+ 2). (3) 


In this sense every f(x, y) = x -+ »(v — x) would do, or if we want also com- 
on : hei 

mutativity (symmetry) then f(x,y) =— = + @ (jx — y\). Thus the 

problem modified by Borsuk is to find all associative (continuous) operations 


satisfying (3) and ordering to real numbers of an interval real numbers of the 
same interval. It might be verified, that 


POS a) Bee log (a* + a’) 
satisfies these conditions. 
If F'(x, y) is supposed to be increasing [2] or what is equivalent ( [3], [10]) 
the cancellation law | F (x, t) = F (x, u) resp. F(t, y) = F(u, y) implies t = u] 
holds, then the associativity ; 


F SF (x,y),2] = F [x, F(y,2)] (4) 


implies the existence of a strictly monotonic and continuous function g such that 


~~ = ee A 


wee 
[p (x) +vO)1- 


a 


eaten leew 
Ble) = ap (x), 


- 7 eee Fer? 


: D1). we substitute (5) into (3), we have 


a e Tmt a very e cto 
ot aa St 
p(x+2z)=a(z)p(x) (7) 


where together with @ (z) also a (z) is continuous. By putting x= 0, 9(0) =a 
we pet [9] 
y (2) = aa(z) 


= Peete TE) aa(x)a (2), tea aise a (z) 


and this is an equation of the Cauchy-type [4], 


a(z) =a’, p (2) = aa’, 
F (x,y) = 9 * [vp (* d+ oly] = “log + a”). 


Thus we have the 
Theorem 1. If F (x,y) is associative, continuous and increasing (resp. 


‘the cancellation law holds) and if the distributivity-equation (3) is satisfied then 


and only then 
F (x, y) = “log (a* + a”). 


An equivalent of this is the 
Theorem 2. If F (x,y) is associative, continuous and increasing (resp. 
the cancellation law holds) and if multiplication is distributive with respect to 


this operation 1. e. 
F (x,y) z= F (xz, 2) (8) 


(homogeneity with exponent 1) then and only then 


F (x,y) = VF py + y* 
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The problem to which this theorem gives an aswer is yet more natural, as it 
asks for all operations with respect to which multiplication is distributive. 
k = 1 gives of course the addition. 

Theorem 2 can be reduced by logarithmisation to theorem 1, but because 
of the importance of this theorem for the problem of L. Janossy we give a direct 
proof, this being of course a variant of the proof of theorem iy. 

We have again from the associativity continuity and monotony 


F(x,y)=@9 * [v() + o(y)] 
and from (8) : 
[eo +e()] = ee tear 


~ 
~” 


This is again an equation of type (6) with yp (x) = @ (xz) and thus 


p (xz) = a (2) ¢ (x), 


the solution of which can be reduced in the same way as (7) to another Cauchy- 
type equation 

a (xz) == a(x) a (2). 
So finally 


[Sees ee Oe 
p (2) = ak, F (x,y) = Yak + y*, 
q. e. d. 
§ 3 
Theorem 2 helps us to find a first answer to Janossy’s problem : 


Theorem 3. If f (p,q) and g (p,r) are continuous, increasing and associative 
and g is distributive from the right with respect to f: 


& [f(p.9).r] =f [g (p. 7), g (9,7) ], (9) 


then and only then there exists a continuous and strictly monotonic function wy (p) 
such that 


If 


r 


fp. )d=v* v(P)+¥@] 8(p.7) =~ [v(P) ¥@)]. 
f(p, 0) =p, g(p,M) =p, then y(0)=0, y\M)=1. 
Proof : Because of the assumptions for g it is 


g(p.r) = | lo (pP) + er] 
or with the notation ® (p) = e? (P) 


g(p.1) = ©} [0 (p) - @ (r)]. (10) 


ee 


F (x, y) z= F (xz, yz), 


ie 


; ties thie is equation (8). As F (x, y y) together with f (p,q) is associative, increas- 
4 _ ing and continuous, theorem 2 gives 


F (x, y)= eee 


= 


that is 
f(p.q) =O £F[9(p), ®(}} — 2 ||O@Lo@’ | 


or with ® (p)* = y(p) | 
® ig f(r. g=¥v *ly(pP)t+v@l- 


On the other hand (10) can be written 


g (pr) = 93 | fo (PF (aH | =v" [v(p) - v(p)L 
eres x. 


§ 4 


We obtain a stronger theorem hy reversing the problem of theorem 2, 
_ that is by looking for operations which are distributive with respect to addition. 
These are ruled by 
Theorem 4. All functions G (x, 2) non-negative in a positive interval (or 
monotonic or continuous or measurable or bounded from one side, etc.) which are 
distributive from the right with respect to addition : 


r. ND? "i, 


G(x +y,2) = G(x, 2) + Cy. (1) 
are of the form 
G (x, 2) =. (z)x, (12) 


and if G (x, z) is also symmetric (commutative) at least foraz—=a: 
G (x,a) =G(a, x) (or distributive with respect to addition also from the left) 
then and only then 

G (x, 2) = cxz. 
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The first statement is an evident consequence of the fact ([8]) that the 
most general non-negative (or monotonic etc.) solution of the Cauchy-equation 


f(e+y =f) +f) 


is 
f (2) Sex: 
On the other hand if G is also commutative for z = a, then (12) gives 
c(x)a=G(x,a)=G (a, x) = c (a) aps hed ay, (constant) 
x a 
i. €. 
G (x, z) = cxz, 
q.e. d. 


(If instead of commutativity, distributivity on the other side is supposed, 
then the same follows from 


Ne 


z x 


G (x, 2) = (2) x = d (x) z, = constant.) 
S93 


Our second,somewhat stronger answer to Janossy’s problem is contained 
in the following 


Theorem 5. If f (p,q) is continuous increasing and associative and g (p, r) 
is non-negative commutative [at least for one r, e. g.r = M: g(p,M)=g (M,p) | 
and (9) distributive from the right with respect to f (p,q), then and only then 


F(p.) = 9" [vy (pP) + ¥ @I). 8(P.7) =v [v(P) + ¥@)). 
The commutativity of g can be replaced by the distributivity from the left side. — 


Also here p (0) = 0, y(M)=1, [f(p, 0) =p, g(p, M) =p]. 
Proof: The assumptions for f imply 


f (p,q) = 9" [¢ (p) + ¢ (@)]. (5’) 


By substituting this into (9) we have 


ste [p(p) +o] $ = 9 {9 [sg (p. D1 +9 le @)} 


or with the notations 
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~=9(P), ¥=9 (9), == (1), v {g [p-! (x), p-? (2) ]} = C(x, 2): 
Cer = Cl, 2) + Cly.2 
and thus from theorem 4 [as G (x, a) = G (a,x) for a == gp (M) from g (p, M)= 
= 8 (M,p): 


Cts) == x2, 


Ce ler (P) 9 ()] = ot [PUP ee 0) | 


or with y (p) = cy (p) 
&(p.r) = yp? [yp (p) v (r)]. 


At the same time (5’) can be written also 
' 


S (P39 = v|* (p) + ao |= y* [vy (p) + 9 (1, 


Cc 


qe... 


Theorems 3 and 5 can be interpreted as follows: The probabilities of 
the occurrence of one of two exclusive events and of both of two independent 
events can be expressed by the probabilities p, q of the original events by 
formulas (1) and (2); and only if one of the following two systems of con- 
ditions is satisfied: A) These two composed probabilities are continuous 
and increasing with p and q, the probability of the happening of one of three 
exclusive events and of all the three independent events does not depend 
on how these events are arranged and finally the probability of the events 4 
or Band the event C is equal to that of the events(A andC) or(B and C). Or 
B) the probability of (A or B) increases continuously with the probabilities 
of A and Band the probability of the occurrence of one of three events does 
not depend on how they are arranged, further the probability of the simultaneous 
occurrence of two independent events is non-negative and does not depend on 
the order of the events (one of wich might be the certain event) and finally again 
the probability of (A or B) and C equals that of (A and C) or (B and C). 

The second system of conditions might be preferred because it postulates 
less about the more difficult concept of independent events and can be mo- 
dified, as we shall see in the next §, so that independence needs not to 


be postulated at all. 
§ 6 
We see that our theorems are all connected with the questions: which 


are the operations which are distributive with respect to addition or «quasi- 
addition» (1) or which are the operations with respect to which addition or 
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multiplication or the «quasi-multiplication» (2) is distributive. Our results 
can be condensed in the typical distributive pair 


f(xy) = Yak + 9%, B (x,y) = oxy. 


Our theorems are strongly connected. Not only theorems 1, 2, 3 are 
related to each other and similarly theorems 4 and 5 but also e. g. theorem 3 
can be derived — as one sees immediately — also from theorem 4 instead of 
from theorem 2. Moreover theorem 1 (and similarly theorem 2) can also be 
proved in an analogous way as theorems 4 and 5 in the following manner : 

F (x, y) being continuous, increasing and associative we have again 


F(x, y) = 9 [ev (*) + (y)] 
and with help of (3) 


p-*[p (x) + ¢(y)] F2= 9-1 [p(x +2) + ¢(¥ +2)] 


or with the notations §= q(x), 7=9(y), ¢= ¢(z), 


G(é,6) = @ [p-1(€) + ge -1(2)] (commutative !) 
G(F+7,6)=G(é,¢) + G(n, 6), 


but this is equation (11) and so with theorem 4 


a = 1 me€+ incé 
G(E,) = 066 = — oF * SS — wp ig-3(8) + p40) ] 


c 


This is an equation of the type (6) and thus 


p- *(é) =ainc€, y (x) = eo et = Bax 


q. e. d. 


The proof of theorem 2 goes on the same lines. 
A theorem which characterizes the solutions 


f(r.) =v ' [vy (p) + » @) I. (1) 


: &(pP.9)=y¥y * [y(p) » (Q)] (2) 


8 (f(p.9).r] =f [g (p. 7). 2 (¢.7)] (9) 


> 


We) wae eee 
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without privileging either of them, but which supposes also derivability, was 
proved — as we have already mentioned — by S. Golab [5 ].-He proved that, 
if in (9) f and g are continuously derivable, 


f (p90) =f(o.p)=p, g(M,p)=p,  g(o,p)=g(p,0) = 0 


62 


~ g(p, ©) exists and f(b, p) = c can be solved for p 
dp q 


are satisfied and also 


with every pair b, c, then f and g are of the form (1), (2). As for our purposes 
the last condition (the solvability of f(b, p) = c) is not suitable (it would 
involve probabilities p < 0), we give here a variant of this theorem in which 
the remaining conditions are also a little alleviated. — The first part of the 
proof is identic with that of S. Golab [5]. 

' Theorem 6. If f (p,q) is an increasing function of q and derivable in (o, 0) 
and g(p,q) has in q = 0, a derivative with respect to q which is continuous in p 
where 


f(p, 0) = f (9, p) = p, (13) 
&(M, p) = p, (14) 
&(p, 0) = 9, (15) 


then f and g are of the form (1), (2) with py (0) = 0, y(M)=1. 


Proof: From the derivability conditions supposed and taking also (15) 
jnto account we can derive 2 with respect to rin r= 0 


Ee = ae g at S 
Gp LP. = filPoa), 5 L.4) — fala) #9) = Fal Pra)] 
| SOL Geo EE eee 


But from (13) and the derivability of f in (o, 0) 


fi (0, 0) = fo (0,0) = 1 
follows and thus by defining 


Y (P) = 82 (P, 2°), 
we have 


y [f(p. 9] =v (Pp) + @)- (16) 


The function y (p) = g2(p, 9) is, with our conditions, continuous. We 
will show that it is also strictly monotonic and thus prove (1). If there were 
a pair py < py such that y (pi) = y (pu) then by the continuity of y (p) there 
would be also pairs p, <p, arbitrarily near to each other such that 


360 J. ACZEL 


Y (P1) = ¥ (P2)- 
But then from (16) also 


Y [f(Ppo 9) = vf (Po 9) 1- 


If we let q take all values q > 0 we see that after p. = f (Pz, 0) the behaviour 
of y(p) after p, = f(p,,0) must repeat (possibly in a distorted way). As p, 
and p, are arbitrarily near to each other this is only possible if y (p) is con- 
stant and according to (16) this constant must be 0. — But g,(p, 0) = 0 is 
in contradiction with ) 


g (M, eo) = 1, 


which follows from (14). Thus y(p) is (continuous and) strictly monotonic 
and thus from (16) the assertion (1) follows. 
We have also 


y (M) = g2(M, 0) = 1. (17) 
Substituting (1) into (9) we can proceed as in theorems 4 and 5: 


sfy [v(p) +e @b =v ig vpn) g vai, 
v(P)=x v()=y% v{s [v4 (x),r]} = C(x, 7), | 
G(x + y, 7) = G(x, r) + G(y,1r) (Cauchy [4]), G(x, r) = ¢(r) x, 
8 (p,r) =» * [e(r) p (p)]. (18) 


If we substitute p = M in this equation, we have from (14) and (17) 


r=y"[c(r)], ec(r)=Yy(r) 


and thus (18) becomes 


&(p.r) =p! [v (p) v()], (2) 


q: e. d. 


The derivability conditions present here a rather strong restriction. 


k 

They exclude e. g. f(x,y) = \x*+ yk, (k 1). Moreover the example 
f(x,y) =*x+y-+ \xy, g(x,y) = xy shows that if instead of derivability 
only increasing continuity is supposed but (13), (14), 15) are satisfied (e ven 
from both sides) moreover f and g are commutative and g even of the form (2), 
f must not be of the form (1). On the other hand this theorem is in a certain 
sense a complementary of theorems 3 and 5, as here neither commutativity 
nor associativity are assumed and instead of them the existence of unity- 
and zero-elements (i. e. the other half of Janossy’s system of axioms) is pos- 
tulated. 


If we suppose also g (p,M) = p. then 
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& LF (Pp, q)r]=h [g (Pp, 7), g (g, r)] 


can be reduced immediately to (9) by putting r= M. 

The probability interpretation of this result states that the probabilities — 
t(p: @ resp. g (p,q) of the occurrence of two exclusive events resp. the simul- 
taneous occurrence of two events can be expressed by the formulas (1), (2) 
from the probabilities q and p of the original exclusive events resp. of the pro- 
bability q of the first event and the probability p of the second under the sup- 
position that the first has happened, — if the probability-function f (p, q) 
is increasing with q and derivable in (o, 0) (0 is the probability of the impossible 
event) and g (p,q) has in q = 0 a derivative with respect to q which is conti- 
nuous in p and if the probability of the impossible event or an other event A 
resp. of the certain event and A (without regard to their order), is equal to the 
probability of A, further if the simultaneous occurrence of any event with 
the impossible event is also impossible and if finally the probability of (A 
or B) and C equals to that of (4 and C) or (B and C). 

We see that here the independence of the two events which occur simul- 
taneously must not be supposed, because neither commutativity, nor distri- 
butivity from both sides was supposed. — Thus besides 


y [prob (A or B)] = y [prob A] + y [prob B] 


also 


y [prob (A and B)] = 77 [prob B| “yp [(prob A) under the condition zl 


holds. Theorem 5 shows that analogously the same result follows if instead 
of the derivability-conditions and the statements on impossible events above, 
g is supposed to be non-negative and f continuous increasing and associative 
(the probability of the occurrence of one of three events does not depend on their 
arrangement). 

Note added in proof : A. Rényi has kindly called my attention to a remark 
in a work of I. J. Good (Probability and the weighing of evidence, London 1950, 
Appendix III., pp. 105—106.), which shows that the author was acquainted 
with the theorems 2,3 of the present paper. I wish to seize the opportunity to 
point out that in contrast to the statement of J. J. Good my paper[2] does 
not »rediscover» a result of N. H. Abel. The difference is that Abel has supposed 
symmetry and derivability while in the paper[2] these assumptions are not 
made, instead of them we suppose only continuity. — We make here another 
remark too: Our considerations at the end of § 6. can be applied also to the 
system of conditional probabilities introduced by A. Rényi (Valészinuségszami- 
tas, Budapest, 1954., 3. figgelék, 667—672.). This causes no new difficulties, so 
we leave the details to the reader. 
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PELMEHHWE HEKOTOPbIX TIPOBJIEM K. BOPLUIYKA u JI. AHOLWUM 
A. ALLE Ib 


Pestwme 


B paoore Obii0 HCCIeOBaHO KaKHe HEMPepbIBHbIe, CTPOrO MOHOTOHHBIC, ACCOMMATHBHbIe 
AeUCTBUA CYIUIECTBYIOT, OTHOCHTeIbHO KOTOPbIX CIO)KeHHe (mpobsema A. Tpy3epcKkoro —K. 
Bopulyka), yMHO)KeHve WIM KBasHyMHOxKeHHe Y } [y(x)y(y)] ABIAIOTCA WucTpHOyTHBHBIMM 
WJM ee JWMCTPHOYTHBHbI OTHOCHTeENbHO CNO)KCHHA WIM KBasHcnOKeHHA yp t[p(x) + 
+ ¥(y), 


STU eHCTBUA COOTBETCTBCHHO : 


i cc 
log (aX + a’), ck +y*, yr? | Vp (x) + p(y) Lexy. yo? [ew (x) py]. 


_ Orca ClelyeT, YTO MOXKHO TOTYYMTh MpaBHNO CHOPKEHMA WIM yYMHOXKeHMA BeposAT- 
HocTeH B dopme no Anoum yt [y(x) + ¥v(y)]1; v tly (x) ¥(y)] upeqnonaran us ero 
YCIOBHM JIMIIb HeKOTOPbIe, a HMCHHO: CYMMA BepOATHOCTeHM HeMpepbIBHO BOspacTaeT co 
CaraioulMMM BepOATHOCTAMH, CyMMa BepOATHOCTeH Tpex COObITHH He 3aBMCHT OT HX rpynmn- 
POBKH, MpPON3sBe/{eHHe BePOATHOCTeH [ByYX COObITHH MOMOXKHTeIbHO HM HE 3aBHCHT OT MX MOCHe- 
MOBATCIBHOCTH, HM, HAKOHEL, BepOATHOCTh (A sH00 B) u C paBuserca BepostTHoctu (A u C) 
160 (Bu C). C apyroit croponni c nOMOnbIO NpeoOpasoBaHusA OHO TeopempI C. Pomaba Mody - 
4MM, 4TO OTH DKE opMys1bt CIipaBeVJIMBbI UH B TOM ciryuae, ecw KpOmMe ocneqHero yCHOBUA 
TIPCATOJIOFKUM eye CCV OMe? ¢ 

PYHKIUMM, MOYYCHHbIE YMHOOKEHHEM WIM CIOXKCHHEM BepOATHOCTeH, ABIAIOTCA AMO- 
(bepennu pyempimn (B Clyyae YMHODKeHMA HCIPepbIBHO 10 BTOPOH MepeMeHHOH); CymMMa 
BepOsITHOCTeH Bospacraronlan ; jaee, urO CyMMa BepOATHOCTeH HeKOTOPOrO coOBITHA A 
M HCKOTOPOLO HEBOSMODKHOLO COObITHA HMCET TAKOE KE SHAYCHHE, KAK HM MPOUSBEMeHHe COGbITHA 
A Ha HeKOTOPOe AOCTOBepHOe COObITHe (B MOO MOCMe_OBaTeMbHOCTH), IIPH¥eM OHH PpasHbl 
BepOATHOCTH COObITHA A; M HAKOHEL, COBMECTHOR OCYIIECTBCHHE T10O0TO COOBITHA C HeBO3- 
MO)KHBIM COOBITHEM TOKE HEBO3MOIKHO. TIpu gro nocneqHelit TeOpemMe B Cilyuae NpOHMsBeAeHHA 


BepOATHOCTeH He OOH3aTeIbHO OrpaHHYMBaTbCA He3AaBUCHMbIMH COObITHAMH. Hoka3pipawrca 
WaNbuenwNe MOMOOHHIE TCOPeMbI, 
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(Presented by L. Janossy. — Received 10. XII. 1954) 


The efficiency of G. M.-counters for cosmic ray particles obtained experimentally was 
¥ previously found to be smaller than the value expected theoretically. It is shown here that this 
discrepancy is due to the method employed in the determination of the efficiency. Using dead- 
time shortening circuits and an apparatus which is sensitive only to the penetrating component 
of cosmic rays, the efficiency of self-quenching G. M.-counters is found to be greater than 99,9% 
in good agreement with the value expected theoretically. 


Introduction 


- The efficiency of G. M.-counters for cosmic ray particles is of great 
importance in the investigations of cosmic rays carried out with counters. 
The efficiency of G. M.-counters commonly used for cosmic ray work is nearly 
100% but can never reach this value. 

The error caused by the inefficency of G. M.-counters must generally be 
taken into account in all experiments, although in many cases it can be neglected 
compared to other experimental errors. Since the efficiencies of the individual 
counters connected in coincidence are almost independent, the efficiency of the 
coincidence arrangement is given by the product of the efficiences of all coinci- 
dence counters or counter trays. If the multiplicity of the coincidence arrange- 
ment is great this error may be very significant. 

Knowledge of the counter efficiency and the use of G. M.-counters of 
great efficiency is especially important in measurements of non-ionizing particles 
with anticoincidence arrangements, particulary if the intensity of the non-ioniz- 
ing component is relatively small compared to that of the ionizing component. 

The use of G. M.-counters of great efficiency is not only important in view 
of a decrease in the size of the corrections in coincidence and anticoincidence 
measurements and a reduction of background effects, but also so as to decrease 
the systematic fluctuation of the measurements. 

The accuracy of cosmic ray measurements is determined by two para- 
meters: The statistical fluctuations of cosmic rays and the systematic fluctua- 
tions of the measured values due either to defects of the electronic apparatus or 


to the variations of the efficiencies of G. M.-counters. 
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Measurements of very small effects can be carried out only if the systema- 
tic variations are smaller by an order of magnitude than the effect to be measured. 
Variations due to the electronics can be eliminated only by using an apparatus 
planned and executed with special care. More difficult is the problem concerning 
the efficiency of G. M.-counters. 

The efficiency of G. M.-counters depends on many parameters and its 
value changes e. g. with the variation of the counter voltage, of the rate of 
discharges etc. It must be emphasized that in most cases those parameters vary 
which may cause inefficiency of the counters and thus we have to speak rather 
about the variations of the inefficiency. If we can strongly increase the efficiency 
of counters, i. e. strongly reduce the inefficiency, the fluctuations of this relati- 
vely_small inefficiency will be smaller, and thus the systematic error of the 
measurements will be smaller and the limit for the smallest measurable variation 
will also be lowered. For instance, if we can decrease the inefficiency by one 
order of magnitude we can measure cosmic ray effects smaller also by one order 
of magnitude than those measured before. 

It can be seen clearly from the above considerations that it is important 
to know exactly the efficiency of G. M.-counters and to develop such counters 
and circuits that secure great counter efficiencies. 

Measurements carried out with great accuracy to determine the efficiency 
of G. M.-counters [1], [2], [3], [4] gave a value for the efficiency significantly 
smaller than the value expected theoretically. The aim of our investigations 


was to solve the problem of this discrepancy and to determine the real effi- 
ciency of G. M.-counters. 


The causes of the inefficiency of G. M.-counters 


Let us consider the causes of the inefficiency of counters. Counters com- 
monly used — filled with rare gases and organic vapours — give a discharge when- 
ever at least one ion pair is formed in their sensitive volume and during their 
sensitive time [5]. A particle traversing the sensitive volume of a counter 
does thus not cause a discharge in the following two cases: 1. The particle does 
not produce any ion pairs in the gas, 2. The particle traverses the counter 
during the dead time of the counter. 

Let us consider the probability for an ionizing cosmic ray particle travers- 
ing the counter not to produce any ion pairs. This probability may be calculated 
from the value of the primary specific ionization. 

Let | be the length of the path of the particle in the gas, 0 the density of 
the gas and j, the primary specific ionization. The distribution of the ionizing 
collisions is a Poisson distribution and therefore the probability that the particle 
traverses the path of length / in the gas without producing any ion pairs is 


—I pg! 
we 


; oe 


— 


b coh aay is just ee to p, the ficiency 0 Ke the counter 


epee ot Sea 


oy art i of hie counter. We can get the effective efficiency of the counter by comput-— a 
pane the a a mean value of the different efficiencies. a 


(Fig. 1) 


= 

4 

a‘ Fig, 1. The length of the path of the particle in the counter 

. | 

ye Let a be the radius of the G. M.-counter and r the shortest distance bet- 
3 -ween the path of the traversing particle and the wire of the counter, then the 
___ projection of the path in a plane perpendicular to the counter axis has the length 


l= 2 (a? —1?)*2, 


which is smaller than or at most equal to the real path length. 
Let us consider this projection in first approximation as the length of 


path in the counter. In this case the probability for the particle to cause a dis- 


change of the counter (i. e. the efficiency of the counter) is according to (1) 
ee ae 

and if pola Tr?) 
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This expression gives only the lower limit of the real efficiency, because 
2 (a*—r’) ‘s, the projection, is also only a lower limit of the real path length. 
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particles passing through the counter inside a certain distance r, from the wire, — 
i. e.if we exclude particles passing the edge of the counter, we have to extend . 


the integration only to r, . 
a E 


*/ 


at 
0 


pap = 5 | ES dr (2a) 


In this case the effective efficiency will be increased in consequence of the 
exclusion of particles traversing the edge of the counter. Integrals (2) and (2a) 
may be evaluated approximately by numerical quadrature. Under given geo- 
metrical conditions we may have to consider also the anisotropy of the particles. 

It can be shown easily by help of expression (2a) that with appropriate 
choice of the geometrical conditions using G. M.-counters of customary filling 
and neglecting dead-time effects it is possible theoretically in all cases to get 
efficiencies greater than 99,9%. 

The other reason for counter inefficiency may be that an ionizing cosmic 
ray particle passes through the counter during dead time. The dead time of 
counters normally used is of the order of 10<4 sec. The probability that a particle 
should not pass through the counter during the dead time following on the 
discharge of the counter i. e. the probability that the counter responds to the 
particle is, as cosmic ray particles are distributed according to a Poisson law, 


where T is the dead time of the counter and N the rate of discharge. If Nt<l 
which is generally the case in all cosmic ray experiments, then 


—Nr 
w =e ~1l—Nt. 


Therefore the efficiency of the counter taking into consideration only the 
dead-time effect is given by 


p=1—Nr: =e Gx 


ect” Silesia Aili 
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The dead-time effect may often be very significant.The discharge rate of counters 
of 80 cm length used in our experiments was 20/sec and the dead time was 


2. 10-4 see and therefore 


p=1—Nr=0,996, 


i. e., the efficiency is decreased to 99,6% in consequence of the dead time effect. 
The inefficiency due to the dead time may be decreased by using electronic 
dead time shortening circuits. 
The simplest method for shortening the dead time of counters is to use 
multivibrators that reduce very rapidly the voltage of the counter below the 
treshold voltage directly the discharge has started and thus prevent the spread 


- of the.discharge through the whole tube [6], [7], [8]. 


Jf the multivibrator reduces the dead time by one order of magnitude, 
i. e. if the dead time is t = 2.10 -° sec, then in the case of counters of 80 cm 
length the efficiency will be greater than 99,9%, namely 


p=tlb— Nr =0,9990. 


To sum up, we can say that by proper choice of the geometrical conditions 
and by the help of suitable dead time shortening circuits, it is theoretically 
possible to construct sets of G. M.-counters having efficiencies greater than 


99,9%,. 


Method for measuring the efficiency of counters 


An exact method for measuring the efficiency of counters was developed by 
Janossy and Rochester [1] and later by Jdanossy and Kiss. [2, 3]. The principle 
of the method is as follows (Fig. 2). The counters 1, 2 and 3 are connected in 
coincidence and the counter X the efficiency of which is to be measured is in 


Fig. 2. The principle of the method for measuring the efficiency of counters 
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Sis ane three coincidence counters mae therefore ane also t | 
~ to be measured. Thus the number of anticoincidences (1, 2, 3, — xy tt 
_tely shows those events in which the counter to be measured fails to res} : 
the ratio of the rate of anticoincidences (1,2, 3, — X) and of coincidences (1, orn 
“represents the inefficiency of the counter. Therefore the efficiency of the Reso 
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However, coincidences (1, 2, 3) are not only produced by particles traversing 
the three coincidence counters as well as counter X. There are effects in which 
particles pass through counters 1, 2 and 3 without traversing counter X. These 
effects increase the rate of anticoincidences (1, 2, 3, — X) and therefore cause 
the measured value of the efficiency to be smaller than the real one. Among such 
effects side showers are of the greatest importance (Fig. 3). 


Q 


db 


Q « 
Fig. 3, Anticoincidence counters for eliminating side showers 


For the elimination of the disturbing effects due to side showers J anossy 
and Rochester, and later Janossy and Kiss used side counters connected in 
anticoincidence. Counters A in Fig. 3 are connected in anticoincidence, thus 


the value of the efficiency in the actual arrangement is given by the following 
expression 


. 
| 
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By the help of this method the efficiency of G. M. counters has been found 
in most cases to be 99,3%, although in the case of a few very good counters the 
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Fig. 4. Effects causing the decrease of the measured value of the counter efficiency: a) The 
scattering of particles, b) Showers containing electrons as well as photons 


Showers coming from above containing electrons as well as photons can 


_produce anticoincidences (1, 2, 3, — X) if an electron of the shower causes 


discharges in counters 1 and 2 and at the same time a photon of the shower 
produces in the lower wall of the counter to be measured or in the wall of counter 
3 an electron which initiates a discharge in counter 3 (Fig. 4/b). The probability 
that a high-energy photon produces an electron in the case of copper counter 


walls of 1 mm thickness is, roughly estimated, about 10%. 
Our interpretation of the discrepancy between the efficiency cieererer by 


Janossy and Kiss and the efficiency expected theoretically is thus that the arran- 
gement employed was not suitable for the exclusion of the above two effects. 


Preliminary experiments 


The fact that the comparatively great inefficiency found with the arrange- 
ment employed by Janossy and Kiss was not a consequence of the real ineffici- 
‘ency of the counters measured but rather due to the imperfectness of the measu- 


Ar 
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ring method, can be proved by using a counter unit of «100%» efficiency in the | 
place of the counter to be measured. This counter unit of «100%» efficiency 
consists of two G. M.-counters connected in parallel (Fig. 5). 

Both counters have an efficiency greater than 99% and therefore the two 
counters connected in parallel have an efficiency of practically 100%. The 
efficiency of this unit was found with the arrangement employed by Janossy and 
Kiss to be (99,54 + 0,03%) i. e. approximately the efficiency found for the 
best single counters. Our experiment showed beyond doubt the imperfectness of 
the measuring method. 

The elimination of scattered particles and showers containing photons 
‘may be attained in a simple way as follows. Since the strongly scattered particles 
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Fig. 5. Arrangement for measuring the efficiency of two counters connected in parallel 


are electrons and the showers containing photons are closely connected with the 
soft component of cosmic rays containing the electrons, the two disturbing 
effects may be eliminated in one step by screening out the soft component of 
cosmic rays. Thus the measurements have to be carried out only with the 
penetrating component, i. e. with mesons. 

The elimination of the soft component may be achived simply by means 
of Pb absorbers placed between the G. M.-counters. The arrangement used is 
shown in Fig. 6. This arrangement was at first also checked with a counter unit 
consisting of two counters connected in parallel. 

The efficiency of this unit was found to be (99,97 + 0,01%) in good agree- 
ment with the value expected. Thus it was shown that this arrangement was 
suitable for the exact determination of the efficiency of counters. 


Experiments and results 


We carried out our measurements with the apparatus sketched in Fig. 6. 
The 10 cm Pb absorber was placed between the counters for the purpose of 
screening out the soft component. The counters 3 were connected in parallel 
thus increasing the solid angle of the arrangement. 
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The counters used in the apparatus and those to be measured had copper 
cathodes and tungsten wires of 0,1 mm thickness and were filled with argon of 


90 mm Hg and alcohol of 10 mm-Hg. The diameter of the counters was 4.cm and 
their length 80 cm. 


oe The anticoincidence arrangement was the same as that used by Janossy 
™ and Kiss [2] the only difference being that the pulse shaping circuit connected to 
x, the counter to be measured was a special dead-time shortening circuit (8...) = 


The block diagram of the whole apparatus is shown in Fig. 6. 
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Fig. 6. Arrangement for measuring the efficiency of counters and the block diagram of the anti- 
einudence circuit. s. c. = shaping circuit, s. c.* = special shaping circuit for dead-time shor- 
tening, c. u. = counter unit 


The resolving time of the coincidence arrangement was 2 “sec. The dead- 
time shortening circuit reduced the dead time of the counter to 30 usec, 
and its output pulse was 10 sec wide. During these 10 wu sec-s the anticoinci- 
dence circuit was cut off for incoming coincidence impulses. Therefore calcula- 
ting the dead-time effect we need consider only t = 20 u see, i. e. the part of 
the dead-time beginning after the output pulse. 

In the case of G. M.-counters of 80 cm length and a rate of discharge of 
20/sec the efficiency is, taking into account only the dead-time effect, according 


to (3) 
Dp = 0.9996, 


i. e. the efficiency is 99,96%. 

The counters to be measured were placed between two counters of 
diameters 4 cm and 3,5 cm resp. With the geometry defined by these two counters 
the lower limit of the effective efficiency of the counter to be measured, taking 


= : mee 
into account only the ionization effect, was according to (2a) 
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= T us ninde® the Lene described above we expect theoretically the 
ciency of G. M.-counters to be about 99,95%,. 


150 and 200 V and plotted the efficiency as a function of the overvoltage. 


_ The mean value of the efficiency of 19 G. M.-counters out of the 28 measured 

ae about 99,9% in contrast to the value of 99 3% found by Janossy and Kiss. 
These 19 G. M.-counters were qualified as «good» counters and the efficiency 
of 4 of these «good» counters was determined very exactly. (Table I, Fig. 7). 


SFR TABLE I ; 
SSS 
F | 
Overvoltage 50V 100V 150V | -200V 
Efficiency % | 
Gotten eer, nor, ..c,0 > | 99.92 0,01 99,94+0,01 99,.95+0,01 99,86+ 0,02 
GGumter< Tes coe wciocis = | 99,944 0,01 99,944 0,01 99,95+ 0,01 99,74-4.0,04 
eapeiter LLP eke etd stares | 99,96= 0,01 99,94 0,01 99,92 + 0,01 99,714 0,04 - 
maieunter DV oor: css 6; | . 99,93 + 0,01 99,95 + 0,01 99,95+ 0,01 99,88 0,02 


It is clear from the Table and the graphs, that the efficiency of each counter 
is significantly greater than 99,9% at one or more values of overvoltages, and the 
maximum values of their efficiencies are close to 99,95%, the value theoreti- 
cally expected. By the term «significantly greater than 99,994» we mean that 
considering even a fluctuation as great as three times the standard error, the 
efficiency will be greater than 99, 9%: 

As a result of our measurements we can state that using dead-time shorten- 
ing circuits the efficiency of self-quenching counters for ionizing cosmic ray 
particles is greater than 99,9%. This result is in good agreement with the effici- 
ency evaluated theoretically. 

I am indebted to Prof. L. Jdnossy who raised the problem and helped my 
work with valuable discussions. My thanks are due to G. Boz6ki who helped to 
build the apparatus. I am also indebted to him and to Erika Halmos for their 


assistance in the course of the measurements. 


‘We measured the efficiency of 28 G.M.-counters at overvoltages of 50, 100, — 
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BEPOATHOCTb CPABATbIBAHHA CAMOFACAHOLIMXCA CUETUMEKOB I.—M., % 
JIA YUACTHLT KOCMMYECKOTO HM3JTIYUEHNA H 


3. PDEHbBEL! 


Pe3swme 


Benuunua BepoaATHOCTH CpabaTbIBAaHHA CaMOracarollMxca cueTuHKOB Teirepa — Mossepa 4 

IA YACTHI, KOCMMUeCKOTO U3yyYeHHA Ha OCHOBe TIpOM3BeAeCHHbIX WO CHX T1Op usmMepeHHli 
OKagalaCb MCHbUeH, YEM O7KMAaeMOe 3HAUEHHE, BbITeKArLOee U3 TeEOPeTHYCCKUX PaccyKAeHHH. 
Mo>kKHO MOKa3aTb, UTO 3TO PACXO)KACHHE ABJIACTCA CIIEACTBHE M IIPHMCHCHHOTO MeTOJa U3SMEpe- 
HH. Ec Mp u3sMepeHHu IIPHMeHATb.CXeMy, YKOPa4HBalolllylo MepTBOe BpeMA CYeTUMKOB 
T.—M., uw BecTH U3MepeHHe BepOATHOCTH cpadaTbIBAHHA TOJIbKO IIpOXOALWIMM KOMIOHEHTOM 
KOCMHYECKOTO H3sIyYeHHA, TO BEPOATHOCTh cpaOaTHIBAaHHA CaMOTacalOllMxXcA cueTUHKOB [ei- 
repa—Monnepa Oyfer Oonbute, uem 99,9%, uro xopomio coBmagaeT c TeOpeTHYeCKH O>KI- 
aCMbIM 3HAYCHHEM. 
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A microtron operates in the following manner. A microwave resonant 


cavity is placed near the edge of a steady, uniform magnetic field, with its 


axis, of symmetry perpendicular to the direction of the magnetic field. The 


_ resonator is excited so that the peak voltage across the lips is slightly larger 


than the voltage corresponding to the rest mass of the electron (about 0,511 
MeV). Electrons are emitted from one of the lips by field emission and those 
which cross the gap at the appropriate phase of the electric field emerge from 
the cavity with a total energy of two rest masses. The values of the magnetic 
field and the operating frequency of the cavity are adjusted so that such electrons 
require a time corresponding to two cycles of the radio-frequency field to comp- 
lete their first orbit. They will then make the next transit of the cavity at the 
correct phase for each electron to gain one additional rest mass of energy. Since 
the time needed for an electron to complete an orbit is proportional to its total 
energy, the corresponding time interval is now three cycles of the radiofrequency 
field. Thus the electrons under consideration once more arrive at the cavity 
at the appropriate phase for each to receive again one rest mass of energy ; ete. 

The most important characteristics of an accelerator are the final energy, 
the energy spread and the intensity of the accelerated beam. The final energy 
in a microtron [1], [2], canbe easily calculated in terms of the diameter of the. 
magnet by using the resonance conditions for accelerating voltage and magne- 
tic field : 
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where 1 > n, I and n are arbitrary integers, E, is the kinetic energy of the 
electron at start, B, the magnetic flux density, and 4 the wave-length. 

The energy spread and the current intensity can be obtained only by 
a detailed examination of the motion of electrons. Such studies have been carried 
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- out by Schmelzer [3] and Henderson et al. [4], who determined by a graphical 
method a phase region with the following features : electrons starting within 
this phase interval are being accelerated each time they traverse the r.-f. field 
and never encounter a decelerating field so that they can travel indefinitely 
in their orbit. The phase region thus determined is narrower than necessary 
from a practical point of view. On the one hand electrons reach their final energy - 
and leave the accelerator after a relatively small number of turns and on the 
other hand it is also possible that electrons become well phased by losing energy 
on one occasion and that they will thus be accelerated to the desired energy. 
Therefore the only possible way to approach the problem of energy spread is 
to follow the motion of single electrons throughout their orbits and determine 
at each turn their entering phase and energy. This can be done by a simple 
graphical method similar in some respects to that due to Slater and Terrall [5], 
for linear accelerators. 

If an electron enters the r.-f. gap for the k-th acceleration at the phase | 
(x With an energy ¢ (measured in units of the rest energy mc”), then the next 
entrance will occur at the phase: — 
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V, is the «resonance voltage» satisfying the resonance conditions, V, the 
amplitude of the accelerating voltage. 

Plotting the curves g,x.i1= C, = constant and s,,1— C, = constant in 
the (pz, €x) coordinate system we can read off the entering phases and energies 
of the electron. Since the curves corresponding to various values of the cons- 
tants C,, C, can be obtained by shifting the curve along the ¢-axis, it is sufficient 
to plot one y,41 — and one ex.1 — curve, the next values of ¢ and p can be 
determined step by step by proper translation of the curves 1 and Px+1- (The 
constants C, and C, are given by the point of intersection of the respective 
curves with the ¢ axis.) 

In this manner taking for example a 4 MeV accelerator (V¥;=0,5 M¥. 
B, = 1070 gauss, magnet diameter 30 cm) and choosing the optimum value 
V,/Vo = 0,98, we obtained as probable energy spread 1,2% and mean electron 
current intensity 10 yA. 

Although no details are available concerning the operational conditions 
of microtrons actually in use, our results seem to be in good agreement with 
the experimental data we found in the literature. For example Henderson [6], 
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